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Coursenotes are available online at http://cam.qubit.org/lectures/qitheory.php.

There are three lent courses which follow on from this one. The notes online
may not cover everything, they are only a guide. There is no one book that
covers the course, but the website gives a few recommendations. The lectures
will be taught very interactively; if the audience does not ask questions they
will themselves be asked.

We shall first cover classical information theory, for around 4 lectures. This
was mostly done by Shannon in 1948, and later lead to quantum information
theory. We shall only focus on two important topic, and may not give many
proofs; if you’d like to see a proof of the result, email the lecturer.

For the rest of this course we shall be covering quantum information theory,
which was only really done in the 1990s (although some important results had
been found by clever Russians isolated from the rest of the mathematical world).
It’s an interdisciplinary field, involving elements of mathematics, computer
science and physics.

Classical information theory is the mathematical theory of information pro-
cessing tasks - e.g. compression, storage, and transmission. Quantum informa-
tion theory is the study of the same tasks approached using QM systems such
as photons and electrons. This introduces new effects such as entanglement.

What is information? We just don’t know. Shannon answered this by relat-
ing information to uncertainty; we shall use an extended example of watching
cars of four possible colours (red/blue/white/green) emerging from a tunnel.
When we see one come out, we receive information and this reduces our un-
certainty.

An information source is something that produces messages - e.g. this flow
of cars, and our messages here are the colours of cars. We model this by a
sequence of i.i.d. RVs My, My, ..., taking values m € M; here M = {r,b,w, g} or
{1,2,3,4}. This means we have a common probability mask function, P(M; =
m) = p(m)¥k, and e.g. P(M1 = 2, My = 4) = p(2)p(4).

How can we measure uncertainty (which equivalently gives a measure of
information)? A measure of uncertainty in getting outcome m, u(m), is given
by —log p(m), the “surprisal” or self-information of m (logs being always base
2 in this course). This has some desirable properties: if p(m) =~ 0,u(m) is
large - we are very surprised to see an outcome of m. If p(m) = 1, u(m) = 0.
Finally, information uncertainty is addative for independent events: u(2,1) =
—logp(2,1) = —log(p(2)p(1)) = —logp(2) — log p(1) = u(2) + u(1).

The average surprisal is entropy: for M a random variable with p.m.f.

p(m), the entropy H(M) = — Y. ,.cpp(m)log p(m) (setting 0log0 = 0 e.g. by a



continuity argument). We have H(M) = H(M;) = H(M>) = ...; this is called the
Shannon entropy of the source.

We shall use the terms information, data, signals, and messages to mean the
same thing.

Shannon asked two simple questions: 1) What is the limit to which infor-
mation can be compressed reliably? 2) What is the maximum rate at which
information can be transmitted reliably? The answers to these are given by
Shannon’s noiseless channel coding theorem and Shannon’s noisy channel cod-
ing theorem, respetctively.

For the first question, the simplest example of an information source is an
IID source. This is characterised by a probability distribution {p(u)}, u € J. We
consider the case where | is a finite set, called an alphabet; on each use of the
source, the letter u is emitted with probability p(u), and this emission of each
letter is independent. The message is a sequence of letters uqu; . .. u,; we model

this by a set of IID RVs Uy, ..., U,. P(Uy = u) = pu)Vk; P(Uy = uy,..., U, =
uy) = p(u1)...p(u,). Shannon’s answer is that the data compression limit is
H(U) = = Y., p(u)logp(u); HU) = H(U;) = .... Note that H is a functional,
and completely independent of the values u taken by U; it only depends on the
probabilities p(i1). So we sometimes instead write H({p(u)}).

Example: | = {0,1}; we write d = |J]|. Say U takes values u = 0 with
probability p, 1 with probability 1 = p. Then H(U) = —plog p— (1 - p) log(1 - p).
This is the Binary Entropy H(p). Shannon entropy is measured in bits.

Why is compression possible at all? Redundancy - some letters occur more
often than others. There are two possible approaches: variable length coding
and fixed length coding. In variable length coding, we assign fewer bits to
more frequent letters and more bits to less frequent ones - perhaps we would
code e as 0 and z as 1010. In fixed length coding, we consider the set of all
binary sequences of length m, and the set of all possible sequences in J"; we
map typical (i.e. more frequent) sequences in a 1:1 fashion, and map all the
atypical sequences to a single point in the first set. Of course this is not perfectly
decodable for finite n and m, only in the limit as n — oo.

For variable length coding, suppose we have horses labelled 1,...,8, and
want to send a sequence of these (each labels the winner of a race, e.g. 8311227)
Without compression we need 3 bits [per result] to store this data, since 2"
different messages can be stored in n bits: ¢(1) = 000,¢(2) = 001,...,c(8) =
111. Now suppose the probabilities p(i) of the ith horse winning were e.g.
1% o ara- Then consider ¢(1) = 0,¢(2) = 10,¢(3) = 110,c(4) =
1110, ¢(5) = 111100, c(6) = 111101,¢(7) = 111110,¢(8) = 111111. Let I; be the
length of the ith codeword, so e.g. Is = 6; then we have the average length of
codeword is Y.}, pil; = 2 bits; thus we see compression is possible. Suppose we
were sent results of e.g. 10011001110; then the winners are 2,1, 3,1, 4; we can
decode this unambiguously because the code is prefix-free, no codeword is a
prefix of another.

Fixed Length Data Compression

Assume the information source is IID; messages are sequences (i1 . ..u,); the
source emits u € | with probability p(u). We model the message as always by a
sequence of IID RVs Uy, Uy, ....



For a compression-decompression scheme of rate R, we have C" : u® =
(u1...u,) = a codeword (x;...xm,r7) = x. We have the u; € J,x; € {0,1}, and
]| = d. The size of {u™} is d" = 2198%" = 2"lo8d 5o ylogd bits are needed to
store this. xi...xpr) uses [nR] bits, so if [nR] < nlogd then we have com-
pression. For decompression we have D™ : x — uw'™ = ) ...u)) € J";

an error occurs if W™ # u®. The average probability of an error is pgf,) =
Yumep p@™P(DM(C™ (u™)) # u™). We say this compression-decompression

scheme is reliable if pg\? — 0asn — oo.

The notion of typical sequences is important for the quantum case; our
result will be that R = H(U).

Definition: For {U;} IID as usual, for any € > 0, the typical set T is the
set of sequences (i1 ...u,) € J" whose probability p(u; ...u,) has 271HW*) <
pQus ... uy) < 27"HW-9) G the typical sequences are approximately equiproba-
ble, with probability ~ 27",

IT"| is the total number of typical sequences, P(T"} is the probability of a
typical sequence.

Now, a justification for this notion of “typical”: consider a sequence u® =

# times u appears in u”

(u1...uy,); this is typical if - =~ p(u). So the sequence of length
n is typical if the number of copies of u in u; ... u, is approximately np(u). The
probability of sucha sequenceis [T,,¢; p(u)™") =[], 2'08P®" “ = [T, 2P logp() =
ZZZp(u) logp(u) — 2—;1H(u)'

Typical Sequence Theorem: Fix € > 0. Then V6 > 03dny(6) > 0 such that
Vi 2 ng(6): 1) If (ur ... uy) € T, H(U) — € < —L log P(us ... . 1) < H(U) + € (this
is just the log of the above). 2) P(T®} > 1 - & (without proof, by some law
of large numbers) 3) [T] < 27H®+) (proof below) 4) [T| > (1 — 5)2nEH(U)-e)
exercise.

For the proof of 3, p(u; ... u,) = 27+ Go we have |[T!| x 271HW*) <
L uy.per P(t1 - .. 11), but this is a probability so < 1, so IT™| < 2nH()+e)

(Physical) consequences of the typical sequence theorem: we write | =

T LTI, We have P{TTY"} < 6, i.e. atypical sequences rarely occur. Recall
typical sequences are almost equiprobable, with probability ~ 27"HW).

Shannon’s Noiseless Channel Coding Theorem: under our usual assump-
tions, if R > H(U) there is a reliable compression scheme of rate R, and if
R < H(U) then there is no reliable compression scheme of rate R. (Note that in
a compression-decompression scheme of rate R we assign unique codewords
to 2Rl messages).

Typical Sequence Theorem

Fix € > 0; for any 6 > 0 and n large enough, IT™| < 2nEHW+e)  pT™}) >
1 -6, P{T1IY"} < 6. All typical sequences are equiprobable, p(u®) ~ 2-H(U),
Shannon’s theorem: the optimal rate R = H(U). 1) If R > H(U) then there
is a reliable compression scheme of rate R, 2) if R < H(U) then there is no such
scheme.
Recall that in a compression scheme of rate R, we assign unique codewords
to 2"R messages.



Proof: 1) Given R > H(U), choose € > 0 such that R > H(U) + €. Choose n
large enough that TST holds; [T < 2n#HW+e) < onR,

For compression, first order the elements of Té"). Then, we can represent
each typical sequence by its index/label/number, using at most [nR] bits. When
we get output from the source, examine it; if it lies in Tg'), store its index
(requiring at most [nR] bits); otherwise assign a fixed codeword e.g. [nR]
zeroes (yes, this may also be the codeword for some typical sequence; this is
fine).

2) If you assign codewords to < 2") messages (i.e. R < H(U)) then the
compression scheme is never reliable: consider any set of codewords S, with
|S,| < 2"R. We want P{S,} < 6¥6 > 0, then we're done. We know P(Tg')) >1-0.

Lemma: For S" c T", |S,| < 2"k, R < H(U) fixedso this is < 2" then
P{S,} = Yymes, pu™) < 6. Thiswill dous: itimplies that with a high probability
the source will emit (typical) sequences which do not lie in S,,.

Proof: Y ymes, pu®™) = Ly, AT + Lyoes,, PR The lecond term is < 6

(since 1% < 6); each typical sequence has p(u®) = 2-"HU) o the first term is
< 27HU|G, | < 27HWMR = p=nHU-R) —, () as n — oo (No, this isn’t currently
rigorous. Yes, it can be made so. No, we're not going to. Email the lecturer if
you really care). So the first term can be made < &’ and the sum is < &' + 6 = 6,
so P{S,} < 6.

Entropy of pairs of RVs

Say we have X, Y taking values in [x, Jy according to X ~ p(x),Y ~ p(Y).
Then we have the joint probability P(X = x,Y = y) = p(x,y) and condi-
tional probability P(Y = vy | X = x) = p(ylx). So we can define joint en-
tropy H(X,Y) = —):x,y p(x, y)logp(x, y) and conditional entropy H(Y | X) =
LopHY | X = x) = =Y, p() L, ply | x)logp(y | x) = =X, p(x)p(x |
x)logp(y | x) = _Zx,y p(x,y)logp(y | x). An exercise is to prove the chain
rule that H(X, Y) = H(Y | X) + H(X).

Relative entropy is a measure of “distance” between two probability dis-
tributions (although not a valid metric): if p = {p(x)},q = {g(x)} then D(pllg) =
Yy P(x)log % (where we define Ologg = 0,plog & = co. We will prove that
D(pllg) = 0.

Set M = {x : p(x) > 0}. Then D(pllg) = Yremp ) log@ so —D(pllg) =

)’
Yremp(x)log f%. We can write this as E(log X), where X is a random vari-
able taking values % with probability p(x); then apply Jensen’s inequality;

log is concave, so E(log X) < log(E(X)) = log(Xem p(x)%) = log(L epmg(x)) <

log(Y ey q(x)) = log(1) = 0, so —D(pllg) < 0 and D(pllq) > 0 as required. This re-
sult goes by various names, but is most commonly known as Klein’s inequality.

Recall H(X) > 0: H(X) = — Y. p(x)logp(x) and 0 < p(x) < 1. From this
we can prove H(X) < logl|J|: consider p = {p(x)},q = {ﬁ}. Then D(pllg) = 0:
Y p(x) log(I]lp(x)) = 0, s0 ¥ p(x) log ]|+ L. p(x) log p(x) > 0, i.e. log|JI-H(X) > 0,
so H(X) < log]]].



Mutual Information

H(X :Y) is defined as ) p(x,y)log %. This is a measure of how much
information one random variable gives us about the other; if p(x, v) = p(x)p(y)
(independent variables) it becomes 0. As an exercise, prove this is = H(X) +
H(Y)-H(X,Y), and also = H(X) - H(X | Y) or = H(Y) — H(Y | X) (consider
p = {p(x, Yl g = {p@py)).

How is information-theoretic entropy related to the entropy seen in ther-
modynamics or statistical mechanics? von Neumann suggested the name to
Shannon, since the functions are actually the same: recall we will look for the
function H(U) = -}, p(u) log p(u).

Statistical mechanics relates macrostates e.g. temperature or pressure of a
whole gas to microstates e.g. momentum or velocity of individual particles.

Definition: If there are Q) microstates corresponding to a particular macrostate
then the dynamic entropy S = klog, Q where k is the Boltzmann constant.
Suppose the microstate r occurs with probability p,. Consider a set of v repli-
cas or copies of the [micro] system, called an “ensemble”. Let v, denote the
number of replicas in the rth microstate, v, ~ vp,. Then Q = (vlv;” vk) [the

0!
vllvz!...vk!

The entropy of the ensemble is S, = klogQ by definition; this is

multinomial coefficient] =

o

(we have Y*_ v, = v. By Stirling’s this is

ook
k(v log:v - Y., v, logv,) [taking log to be always base ¢ just in this paragraph]
= k(= X,(log v, —logv)) = k(- X, v log *) = —kv ., prlog p,. The entropy of a

compound system is the sum of its parts, 5, = vS where S = % =-Y,prlogp,.

Typical Sequence Theorem

T: ¥§ > 0¥n large enough, P{T™) > 1 -6, |T"| < 21EHW+) and |T™| > (1 -
6)2"H=4) The second of these follows from the Asymptotic Equipartition Property:

for Uy, ... U, ID RVsand our usual scenario, lim,,_,c, P2 7"HW) < p(L1y, ..., U,) <
2-HW=€)) = 1 (Itis usually written in a different form, but clearly has this mean-
ing). Here P(U;, Uy, ... U,) is a random variable taking values p(uy, .. ., uy).

This means thatforany 6 > 0, for nlarge enough, PR HW+e) < ply,..., U, <
27 HW=) > 1 -5, i.e. the set of sequences (i1, ..., u,) for which 27#HW* <
pQui, ..., u,) < 27"HW=€) hag a probability > 1 — 6. But this set is the typical set,
s0 P{T!} > 1 -6 forn large enough.

Shannon’s second question: What is the maximum rate at which informa-
tion can be transmitted through a channel? A channel takes input X™, but is
noisy; its output is Y. We will consider discrete channels: the input alphabet
is discrete, X™) = (X3,..., Xy) taking values x™) = (x1,...,x,) for x; € Jx; we
usually consider Jx = {0,1}. Similarly the output Y™ = (Y3,...,Yy) taking
values yN = y; ...y, € Jy. We may have Jy # Jx, e.g. J, = {0,1, x} where %
denotes useless junk output.

We model our channel by an operation N categorized by a set of conditional
probabilities {p(y®™xM)}. If y™ # xN), we have an error - cf noise. Shannon
proved that it is possible to choose a non-confusable set of input sequences,
such that there is only one highly likely input corresponding to a given output.

We assume the channel is memoryless: p(y™[x™) = [TY, p(vilx).




Classical Communication System

Suppose our sender A wants to send messages M € M to a receiver B through
a noisy channel. So we encode M as some x™), and send that through the
channel, characterised by p(y™|x™); y™) is then decoded as M'.

The simplest possible channel is a memoryless binary symmetric channel;
given 0 as input, it outputs 1 with probability p, 0 with probability 1 — p, and
vice versa when given 1 as input.

Theidea is to add redundancy when encoding, e.g. repitition: encode M = 0

as x™ =000, then if N maps this to 010, Bob decodes it [correctly] by “majority
vote” as 0. This method of course fails when > 2 bits are flipped.

Note the duality between data compression and transmission - in one we use
redundancy to reduce the size of the message, in the other we add redundancy.

Capacity of the Channel

For a memoryless channel, C = max,)[(X : Y), where the maximum is taken
over all possible probability distributions {p(x)}.

We will give an intuitive way of looking at Shannon’s noisy coding theorem,
rather than an actual proof. We have |[M| = the number of messages, log | M|
is the number of bits of message. For encoding, cN M > ]I;(] = {0,1}V;

noise gives us x™ — y™ e [N and we shall take J& = ] for simplicity.

Then decoding is DN : ]g\f ) - M. The maximum probability of an error is

Pmax(CN, DY) = maxyepP(M’ # M) (where of course M’ = DN(CN(M))). The

rate R = % - it is the number of bits of message transmitted per bit of

codeword. A rate R is achievable if there exist (CN, DV) [of rate R] such that
Pmax(CN, DN) — 0 as N — oo. The capacity C is defined (the expression at
the start of this section is the result we shall prove) to be sup R, where the
supremum is taken over all achievable rates.

Shannon’s Noisy Channel Coding Theorem

For a memoryless channel characterised by p(x | y), C = max,u)[(X : Y) [where
the maximum is taken over all possible probability distributions for x] = H(X :
Y) = H(X) + H(Y) — H(X, Y) = H(Y) - H(Y | X).

For each (typical) input sequence x™ there will be 2NFX) typical output
sequences: we saw that for Uy, ..., U, with U ~ p(u), there are 2" typical
sequences; here the probability are p(y | x) rather than p(u), so this becomes
2NHYIX) Recall H(Y | X) = Y. p(x, y) logp(x | ).

We want to avoid having the sets of typical outputs for different (typi-
cal) inputs overlap. |T)| ~ 2NH(™, so for unique inference we divide T} into

L . L Y
disjoint subsets of size 2NM!(Y1X)| The number of such disjoint sets is % =

QNHM-HIX) ~ JNIXY) and this is the maximum number of input sequences

i.e. messages we may send. So R = log—l\l,Ml = log 2N C = maxym (X : Y).

Example: memoryless binary symmetric channel (MBSC) such that p(y |

xX) = ( 1 ;P 1 f p ) This is symmetric, by which we simply mean that the
rows are permutations of each other. I(X : Y) = H(Y) - H(Y | X) = H(Y) -



Y p(x)H(Y | X = x). For a symmetric channel matrix H(Y | X = x) = -}, p(y |
x)logp(y | x) [is independent of x]; in this case it is —((1 —p) log(1 —p) +plogp) =
h(p). So C = max,u) (H(Y)-H(Y | X)) = maxu)(H(Y)—h(p)) = max,q) H(Y)—-h(p).
So to maximise I(X : Y) we only need to maximise H(Y); we have H(Y) < log|Jyl,
with equality when Y is evenly distributed. If we can achieve this then we have

C =1 - h(p), and in this case this is indeed achieved by p(x = 0) = % =px=1).

Quantum Mechanics

We need to consider open systems - these are not isolated, interactions with the
world are unavoidable. These disturb the state and so distort the information
- decoherence. So we need to understand the physics of open systems. First
we will review the postulates for closed systems, then see how they change for
open systems.

Postulate 1: the state of a system is a ray in a Hilbert space H. We use

a
b
conjugate of the transpose. States are rays rather than vectors since global
phase is undetectable - 1 and ¢*1) represent the same physical state. (Of course
relative phase factors are important - e.g. the states ¥ = ay + by, are
different for different ¢). In classical information theory, the fundamental unit
is a bit, taking values 0 or 1. In quantum information theory, we use qubits:

the Dirac bra-ket notation: if [{)) = € C?, then (Y| = (a*b*), the complex

|0) = ( (1) ), 1) = ( (1) ) This is very different; where a classical bit is only 1 or

0, a qubit may be in any state [y = a|0) + b|1) with a,b € C, |a* + |b|* = 1; this
is called the superposition principle. (The condition on 4, b comes because we
want the state to be normalized (i) = 1; since for this state (¢| = a*(0| + b*(1|,

this means (a*b*) Z = 1 whence the condition). Notice 0 < |af?,|b]> < 1, so

we can see |a|?, [b|* as probabilities; we shall see more of this later.

Notice that [i)) is not, and shold not be confused with, a statistical mixture
of states (e.g. if we had state |t)1) with probability py, [{2) with probability p,).

Postulate 2: time evolution is unitary, governed by the Hamiltonian and the
Schrodinger equation.

Postulate 3: measurements correspond to orthogonal projections. We can
measure only a self-adjoint operator A = A'; the outcome Al¢;) = ajl¢;) is some
eigenvalue € 41, ...,4,. What is the probability of the otcome a;? It is (|P;[{)),
where P; is the projection operator onto the eigenspace of A corresponding to
aj; we assume a; non-degenerate and this is P; = [¢;){¢jl.

Suppose our outcome is a;. If before the measurement the system was
Pily)
VI
a “collapse” - thus it really is a projection. And so it's “repeatable” - if we
measure [immediately] again, we get the same result. This postulate is also

known as “projective measurement” or “von Neumann measurement”.

Consider [ip) = a|0) + b[1). |0),|1) are two reliably distinguishable states,
i.e. we can devise a measurement which can distinguish between them. E.g.
suppose |0) represents horizontally polarized light, |1) vertically polarized light;

in a state |¢), due to the measurement |¢)) — . Measurement causes




then i) = % (ie. a= %,b = %) is the state for right [I think] circularly
polarized light. The only reliably distinguishable states are those which are
orthogonal - here (0[1) = 0 so |0), |1) are distinguishable, but (0[¢’) # 0 so |0}, [i)
are not.

We aim to distinguish between |0), |1) without destroying either such state.
We measure A = |1)(1]; we have A = A', A% = [IX(1|1)(1| = |1)(1| = A, so this is a
projection operator. Then for an eigenstate Ple) = Ae) = P?ley = APle) ... Ple) =
Ay =>A=A%?soA =1or0.

Measuring A gives outcome 0 or 1; there will be projection operators corre-
sponding to these outcomes. What is P(0)? It is [0)(0], P(1) = [1)(1].

Digression: if we have an operator Q = [i))(¢| with eigenvalues 0,1, P(1) =
Q,P0O)=1-Q.

Mesaurement

Say the state before measurement is [¢).
1. [y =|0), A = |[1)(1]. Probability of the result 1 is (|P(1)|y) = (0[1)(1]|0) =

S _ - thi Pol) — _ J0)0[0) _
0. Originally |¢) = |0); this becomes orm - 1 |0).
2. ¢y =11). p(1) = 1,p(0) = 0; [) = |1) becomes |1) (exercise).
3. |¢) = al0) + b|1) (exercise). p(1) = |b*,p(0) = |a>. Note that our state
vectors are always normalized.

Open Systems

It's useful to treat an open system as a composite system consisting of the
principal system S which we are interested in, surrounded by the environment

system E. The overall state space is then Hs ® He.

Density Matrix Formalism

For our open system S, consider a statistical mixture of states [i)1), [i}2), . .. with
probabilities p1, py, . ... The state of the subsystem is given by the ensemble of

state vectors {p;, IlPi)}f:l. pi =20, 2;{:1 pi=1
The density operator or matrix is p = Yo, pili)(yil. But note these [1);)
need not be mutually orthogonal; we don’t require (j[i);) = 6;;.

Properties: p > 0 (i.e. it is a positive semidefinite operator); this in turn
implies p = p'. Also trp = 1 (Both these are exercises).

Positive semidefiniteness means V|¢) € H, (¢plpld) > 0: (plpld) = Y. pi{plyi{ild) =
Lpilolynl? = 0.

For any self-adjoint operator p, we can write this as p = Y, Ajlej)(el.

Lemma: An operator p is the density matrix for an ensemble of states iff
1) trp = 1 and 2) p > 0. If we assume p is such a matrix, corresponding to
{pi,llpi)}le (note we may not assume (;|;) = 06;j, for 1) p = Zi‘{=1 pilpiWil,
so trp = ) pitr|;){(yil; by taking a basis which contains |{;) separately while
calculating each trace, tr|i);){¢;| = 1ineachcase,sotrp = };p; = 1. Forany |¢) €
H, (Dlplp) = ;i ppliXwild) = Y. pil{pli)I* > 0. For the converse, assume p is
an operator with trp = 1, p > 0. Then p corresponds to an ensemble of states:
p >0 = p' = p = we have a spectral decomposition p = 2?21 Ajlej)<ej| where



d = dim®H, (ejley = 6y, 4j 2 0¥j = 1,...,d. trp =1 = LA =10 (),
is a probability distribution. So associate p with the ensemble {1}, [e;)}. (Note
that the stricter conditions (e.g. orthogonality) mean it may occasionally be
worth performing this decomposition even for an operator we already know is

a density matrix)

Pure and Mixed States

A pure state would be e.g. [Y2) : po = 1,pi = OVi # 2. Then p = [Y2)(o] =
p? = p, the crucial property. So trp? = trp = 1; this is a way of telling whether a
given p is a pure state. For a mixed state p = }.; pjl)(¢l, the reader may check
trp? < 1. Note that we shall use “pure state” to talk about both states [i) and
operators p = [){1)].

For an operator A, the expectation value in the state pis (A) = (A), := tr(Ap).
This is linear: (¢A + bB) = atrpA + btrpB = a{A) + b(B). (A) = OVA > 0; also it is
normalized: (I) = tr(pl) = trp = 1.

Applications of the Density Matrix Formalism

This formalism allows us to describe the properties of subsystems of composite
systems. Given a composite system AB, the state space is A® Hp. Suppose the
system is in the pure state [ag); pap = [P aB)(Papl. What is the state of A? It is
pa = trgpap, where trp is the partial trace, the trace taken only over Hz. This
pa is called the reduced density matrix of A.

Say we have {|ix)} an orthonormal basis of Ha, {lap)} an ONB of Hg. Thes
{lia)®lip)} is an ONB of Ho @ Hp. If we write [ap) = Y, Ainlia)®la), then pap =
AR AR = L0 @in? (1) © lap D) (G0 @ ) = X, aiad?, lia)7, | © las ety
Then pa = trppap is defined as Y., , i o @i}, lia X7 Itr(lap){(ag]). tr(la)(e’]) =
Zﬁ([a’laxa’lﬁ) = OapOuarp = Ouar, 80 this is i, dina D)7’

We have trpq = 1, and ps > 0 (this is easy to prove with the Schmidt
decomposition - see later), p; = pa. For example, trpa = Y, amai*,aéii/ =
Yo laial> = 1 since () = 1, ply = X a¥ arali’ )il = pa.

Suppose an operator Mag = M ® Ip; the system is in the state pap =
[ aB){Yasl. Then <MAB>PAB = tr(Magpag) = tr(Mapa); this is an exercise (use the
expansion of [ 4g)).

Clearly pp := trapag. For a general (mixed) pag = Y il E)(¢P| € Ha®@Hs,
[WAB) = ¥y ajlada ® [)s.

Examples: 1) AB = two qubits, pap = p1 ® p2. The reduced density matrix
of A is pa = trepap = p1, P = trapap = p2.s 2) AB = two qubit, pure state
pas = Pas)(pasl where [Pap) = P22 (where [00) = [0)4 ® [0)s etc.) pap =
2(100) + [11)(00] + (11]) = 2(10)0l4 ® [0){0l5 + [1)(0l4 ® [1){0l + ...), pa =
trppap = %(IO)(OIA +]1)1|4) = %I. This is entanglement - we knew precisely the

state i), but this tells us nothing about the state of qubit A. [¢) = % is an

entangled state.
We’'re considering bipartite state, i.e. the state of two systems A and B. Such

a state will either be separable or entangled; for a pure state, [{4p) Is separable if
it can be written [1p4) ®[)), entangled if it cannot be. A mixed state is separable



if it can be written pap = Y; pilai){aila ® |Bi){Bils (i-e. if it can be expressed with
all of its constituent states separable)

Define |+) = 00, [1) = B2, [6%) = <5(100) £ [11)), [¢*) = 55(101) £ [10)).

These are the Bell states or EPR states; they form an ONB of H, ® Hp (but note
they are all entangled).

1
. 0
Consider pap = |Yap){Yap| where Pap = —‘0017%11) = % 0 ; recall we can
1
ac
. a c ad .. .
write b ® dl1=1 e | We label states by i in A-space and a in B-space.
bd
1 1 0 01
0 0 00O
paB = % 0 (1001) = % 000 0l The elements of pap are (pag)ia,jp-
1 1 0 0 1

pa = 2A: (pa)ij = La pffja' We know pap > 0 .. (paB)ia,ia is always > 0 (i.e. the
diagonal elements are always > 0) s0 (04)ii = Y.o(P4B)ia,ix = 0,50 pa = 0.

Time Evolution for Open Systems

In a closed system, we know the time evolution is unitary - given by the
iHt

Schodinger equation. ¥(t) = U(t)1(0) = e~ # ¢(0). In an open system, it need
not be unitary. We use the Quantum Operation Formalism, which allows us to

describe discrete state changes @ : p — ¢’ without concerning ourselves with
how the state behaves in the time between the initial and final state. Such a ®
is called a quantum operator; we call it a superoperator since it maps operators
to operators. -

Notation: H is our finite dimensional Hilbert space, 8(H) is the algebra
of all operators acting in H. So p € B(H), © : B(H) - B(H), H = R. The
simplest possible @ is a unitary transformation p — p’ = ®(p) = UpU" for some
unitary operator U. The reader may check: p’ = UpU" is also a density matrix,
ie. p’ 20,trp’ = 1. The change of state under any physical process would be
given by such a ®.

We ask: what are the conditions ® must satisfy to represent an allowed phys-
ical process? We shall look from three equivalent perspectives: 1) physically
motivated axioms, 2) system coupled to environment, and 3) operator-sum
representation (Kraus Representation Theorem).

For the first, suppose we have @ : p — p’ for p,p’ € B(H). We require a)
linearity: ®(ap; + bpy) = a®(p1) + bd(p2). This is important for the probabilistic
interpretation of mixed states: if p = )’ pili;)}{(¢i| = X pip; where p; is the pure
state |¢;)(|, linearity implies ®(p) = }_ ipi®(p;). b) Trace preserving: p — p’ =
®(p) with trp” = 1 = trp. (Yes, this condition is necessary. Exercise: show that

for a general linear map ®(p) not necessarily trace-preserving, the normalized
map p = :ép(:) will not generally be linear). c) Positivity: ®(p) > 0.
These three requirements are not enough, for a reason we shall see shortly.

We require the stricter condition of Complete Positivity (CP): (P4 ® idp)(pas)
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must be a legitimate state, i.e. > 0, for all possible extensions B of the system.
(Convention: we use I for the unit operator, id for the unit superoperator). @ is
a CP map on B(H,) if (P ® idp) is positive for all extensions of H,. We call the
added auxilary system B an ancilla.

Suppose the system is in the state ps®0p = pap. Then (P®idp)(pa®0s) = p/yp;
the final state of A is p; = trgp/, .

Example: there is a map which is positive but not CP: transposition. Let p

be the DM of a qubit, p = ( ba* 1 ﬁ . ) We have p > 0: all eigenvalues are > 0.
*
® = T takes the transpose: ®(p) = p’ = Z 1b_ s This leaves the character-

istic equation of the matrix unchanged, so the eigenvalues are unchanged, and
this @ = T is a positive map. Consider two qubits: pap = [P ap){Y¥ap| where as

1 0 0 O
00)+[11) . 110 0 1 0 . .
before [4p) = =7 (T = a®idp)(pas) = 3| ( | o o | and this matrix
0 0 01

has eigenvalues %, %, %, —%. This will be a recurring theme in this course: new

phenomena usually have their roots in entanglement.

So we call ® a quantum operation if it is a linear CPT or CPTP map -
completely positive trace preserving.

For the second, consider a system A with environment B. The combined
system AB is closed: it has unitary time evolution. But pa — ®(pa) is not
necessarily unitary.

Assume the initial state of A and B is non-interacting - it'’s p ® penv (This
would be unusual in nature but could reasonably be set up as the start of an
experiment). The dynamics of AB are pap = p ® peny = Uap(p ® peny)U’ = /5.
So p/, = treny(Uap(p® Penv)U') = ®(p4). This is called the “Church of the higher
Hilbert space” - to see how the operator @ acts in the system, we add an ancilla
taking the state “up” to p ® peny, then can “move it across” with unitary time
evolution to U(p ® penv)lﬁ, then take the partial trace oven the environment
system @(p) = treny (U(p®peny)U"). Any quantum operator can be implemented
by these three steps.

These first two viewpoints are useful, but it is very hard to apply our
criterion from the first one - how do we tell whether a given operator is CP?
Thus the following is very useful:

For the third, the Kraus representation or operator-sum representation, a
quantum operator @ on a state p of a system A can be represented as ®(p) =
}:ﬁil A pAZ, where the Ay are a finite set of linear operators acting on B(H,) with
Yk AfAr = L. (This is actually an if and only if condition - any such expression
represents a quantum operator). For any p we have Ay a Kraus operator or
operational element; ), A;Ak = | is the completeness relation. tr¢(p) = 1 =
Y tr(AxpAl). By cyclicity of trace, this is Yy tr(A* + Ay p) = tr((X, AL AY)p)V¥p, so
Zk AZA]( =1.

Theorem: A map @ is CPT iff ®(p) = ¥; A;pA! for some finite set of linear
operators {A;} with }; ATA; = I. Any such @ is clearly linear with trd(p) = 1.
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Kraus Representation Theorem

A map @ is CPTiff it can be written in the form ®(p) = ¥; A;pa!, where {A;} are a
finite set of linear operators with }; ATA; = I. If ® can be expressed in this form,
it is linear and CPT: ®(ap; + bpz) = a®(p1) + bdP(py), (P ®id) > 0, i.e. for p > 0,
(Pl(@®id)pld) = 0V|¢p) € H. The left hand side here is Zl-(qbl(Ai®I)p(AZr ®1)|p);
set (A}L ® D¢y = lei), then this is Y {eilple;y > 0. Finally for trace preserving,
D(p) = X; AipAl; trd(p) = ¥, tr(AipAl) = L tr(ATAip) = tr(L(ATA)p) = trp =
1.

Any linear CPT map has a Kraus form; we shall use Schumacher’s “relative-
state method” to derive this, which is substantially easier than Kraus’ original
method. Characterise the action of ® by (®4 ® idg)p where p is a special pure
state, a maximally entangled state - e.g. for a qudit - a set of d qubits - p = [i)(Y|
where ¢) = \/LE Z?:l lia) ® i), where {|ia)} are an ONB for Hy, {|ig)} an ONB for
Hp (we take the two spaces to have the same dimension; note that there is no
special relation between two states [i4), lip) with the same label). For a MES, the
reduced state is a completely mixed state - pa = trgp = é = }:?:1 %liAXiAI.

To see why this suffices, we first consider the analagous thing for operators.
What is the action of an operator Ma|¢)? It suffices to find (Ma ®I)|ipag) where
[Yap) is again an MES; we will work with |1,EAB) = \/EIl,bAB) = }:?:1 lia)ig) for
convenience (of course |is)|ip) really means |i4) ® |ig)). We have (Qaplag) = d.
Any vector |pa) € Hu can be obtained from the MES: write |p4) = }:?:1 ailia).
Then |a) = (pjPap) where |¢%) is defined as Y. a¥|ig). ((Pp5liPap) is a “partial
inner product”). To see this, then we have (¢} = Z’;lzl a;(jsl, so our partial inner
productis (Z‘;zl ai(jal)(X;liaMiz)) = Y;ailia) = Ipa). Thisis the “relative state” to
|d)§ Y; |d)§ is the “index state” that yields |p4) from the MES |1/):43). The reader may
check the map |pa) — [¢F) is antilinear (A(cf(x)) = c*A(f(x)), A(fi(x) + fo(x)) =
A(fi(x) + A(LX).

Consider (M ® Ip)lPap) = (Ma ® Ip) ;i lia)lis) = L. Malia)lig). So Malga),
where|da) = Y. ailia), canbe found by (5 (Ma®Ip)lPap) = Lja;{jsl L Maia)lip) =
Y aiMalia) = Ma ¥ ailia) = Mala). So in summary, [pa) = (Y}iPas) the “par-
tial inner product”, and the action of any operator M4 on any arbitrary possible
state |pa) € Hy is obtained as a relative state from (Ma ® IB)llf)AB). So to find
Malpa) it suffices to find (Ma ® I )|1,EAB> - then we just take the relative state and
take the partial inner product (¢j3|.

Apply the relative state method to superoperators - this is covered in more
detail on the second example sheet for this course. (P®idg) > 0 .. (P4®idp)fas,
where pap = [Yap){Wapl, [Pap) = thzl lia) ® lig), trpap = d. Consider the two
operations 1) obtaining |4) from [(4p) by the relative state method - which
only acts nontrivially on the B part, and 2) applying the quantum operator ®4
or &4 ® idp; since each only acts on one space, these commute.

We want to find @4 (|pa){(Pal) (then it is easy to find P(p) for general p (e.g.
by linearity)). We can either apply ($}| to [{45) to get |p4) and then apply D4,
or apply (¢4 ® idp) and then take (3 |.

Recall weare trying to determine p;, = @a(lpa){(al). Thisis = Da((P}[Vas)XPaslPy)) =
(P5l(Pa ® idB)llf)AB)(lﬁABld)g ), as is proven on the second example sheet.

So py = (Pp3lp’yplPy) where p,; is defined as (P4 ® idg)pap, where pap =
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|1/~)AB>(1,EAB|. P’y is a (unnormalized) density matrix - so we may associate to it

an ensemble of pure states {Ay, [@%)}, 7/, = L Al@®)(a;*?|. The Ay are proba-
bilities so Ax > 0, ¥ Ax(@;®

tildeafB) =d(as (lj;llﬁ) = d). Substituting, p, = Qa(lphia){Pal) = Y Ak(qbgﬁl’:m)(del(j)g).
Set Axlda) = \/l;@gld?B), so this becomes Y, Ar(|pa){Pal)Al, and as P is trace
preserving, Y AfA; = I.

Summary: ® completely positive implies ® ® idz > 0. ﬁ'ABprime = (®®
idp)(1PaB)(Pasl) = 0 Associate to p',, {A, |@F)}, and to each |&F) corresponds
Arldpa) = W(qbgl&fB)-

Recap: Any CPT map ® can be written ®(p) = Y, AxpAf with Y, ATA; = 1.
1) [Pap) = % Zflzl lia)lig) € Ha ® Hp, taking dim Hy = d = dim Hp. [Vag) =
Vdlpas) = X liadlis); (Pl = d.

1) Any |pa) € Ha can be written as ) a;lia) where the ~{Iz'A)} are an ONB in
Ha. We write |¢py) = ¥ a*lip) and we have that [pa) = (p}[iap), a “partial inner
product”.

2) For M € B(Ha), Maldpa) = (¢} (Ma ® Il ap). o

3) YO acting on B(Ha,), for a pure state |pa){Pal, writing pap = [P ap){Pasl,
D(lpaXPal) = (P*(© ® id)paslpy), as pap = Lijliadlis)jal(jsl, (Pfl = Liar(kl,
¢5) = Liafllp). Sothis = Y. axa; (ksl(PRid)(1){jla®li)flp)lls) = X axa; D(lia){js){kslip){jplls);
these last terms are simply 6;6; so thisis }. aia;‘CI)(liAXjAl) = q)(ziailiA))(Zj a]’f(jl) =
O(|paX(Pal)-

4) O(|paXpal) = (P, plds) where p,p = (P @ id)pagp = 0; trpap = d.
Associate this with a set {/\k,/if3>} where p,, = ¥ /\kld‘kB Wal®B|, (ala) = d,
A >0, Zk/\k =1.

5) ©(1paXpal) = L ApplatP)alBipy). We want to have D(|pa)pal) =
Y Ai(lpaX(pal)AL. So set Ay : |pa) = VA(P3|@!P), then we have this result.
The maximum number of Kraus operators is d* (as this is the dimension of Hp).

We will see later that the Kraus representation is not unique - it is possible to
have ¥ AypAf =Y, v]-pv;f.

Schmidt Decomposition

Consider Hy ® Hp as always. For any pure state [{ap) € Ha ® Hp, [Pap) =
Y. Ailiadlig), where dim Hy = da, dim Hp = dp, {|ia)} is a set of ON states in Hy,
{lig)} a set of ON states in Hp, A; > 0 real and Zi/\iz = 1: consider {|r4)} an
ONB in Hy, {|ap)} an ONB inHp. We have [(pa5) = Y., ¥ a,4lr4) ® |ag), since
the |r4) ® |ag) form a basis for Hy ® Hp. We can vie the a,, as elements of a
matrix A, dg X dg. We have the Singular Value Decomposition A = UDV for
V, U unitary, D diagonal with non-negative entries. (At this point the lecturer
wimped out and set d4 = dgp = d). Call elements of U u,; and elements of
V vg. Then a,, = ZiZﬁ uridigvg,. Substitute dig = d;;0ig, then by algebra
[Wap) = X Y Oindii Yoy thrilra) ® Yy Upalap) = X dii Y thrilra) ® Y. vialap); call this
respectively ) ; Ailia) ® |ig), then we have the result. A; > 0 and the reader may
check [ia) = Y, uyilra) and |ig|rangle are each orthonormal by unitarity of U, V;
we have Y, A7 = 1.

pa = trplPap)Xasl = ¥ AZlia)ia), pp = L AZlig)(igl. So trpa = Y47 =1 =
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trpe. So pa, pp have identical non-zero eigenvalues. When writing [ip4p) =
Y. Ailia)lip), the A; are called the Schmidt coefficients. The Schmidt number is
the number of nonzero Schmidt coefficients.

Bipartite pure state: | 4p) is a product state if and only if Ns = 1. If N; > 1
then [ip4p) is entangled.

Purification: We may alwas assume the environment is in a pure state. For
H, with mixed states p, we can always associate pure states |ipar) € Ha ®
Hr; Hg is the reference state space, physically meaningless. We want p =
trrllpsiar) i arl. Perform the spectral decomposition pa = }:?:1 pilia)(ial; set
dim Hr = d and take {Iim}le(; Then set [{ar) := Y; \/pilia)lir); compare this
with the Schmidt decomposition.

No Cloning Theorem

The popular version of this theorem is that there cannot exist a “quantum
copier”: if [{), |p) have (¢[i)) # 0, then we cannot copy the unknown state |w)=
one of ), [{).

The actual statement is simpler: an unknown quantum state cannot be
“copied” or “cloned” by a unitary transformation. Assume we have a quantum
copier: there is some standard “blank” state |s) and U with U(|y) ® Is)) =
[V) ® [Py, U(lp) ®Is)) = |¢) ® |¢p). But then take inner products— (P[P)(s|s) =
(PlYXPlY), ie. x = (Plp) satisfies x = x2 somust = 1 or 0, ie. |p) = |¢) or
(@l) = 0,1 L 9.

Generalized Measurement Postulate

In projective measurement, measurement can be characterised completely by
{P;}; P; is a projection operator onto the eigenspace of A corresponding to the
eigenvalue ;. We meeasure A with A = A'; the system state is [1)) and outcomes
are eigenvalues A|¢p;) = ajl¢;). The questions a theory of measurement must
answer are: what is the probability of outcome a;, p(a;), and what is the post-
measurement state?

In other words, for projective measurement we have a spectral decomposi-

tion A = }:]-ajP]-. p(a;) = (YIPjly), and if the outcome is a;, [{) = [{P") = \I;gwl_;)
j

What about for general (impure) states p? The reader may check p(a;) =

tr(pP;), and p r _ PipPj

rptj), and p P tr(P;jp)

We express the projective measurement postulate for projectios {P;} with
A = YajPj,A = A" 1) P; > 0 because p(a;) = tr(pP;) > 02) X;P; = I as
Yipa)) =tr(pX;Pj) = trp = 13) P;P; = 0;;Pj; the projections are orthogonal
to each other.

Generalized measurement will boil down to removing the third of these
postulates - the first two postulates are obvious requirements for any sensible
notion of measurement, but the third is merely an outcome of the spectral
decomposition - which in turn only worked because A = A*.

Motivation for why we need a generalized measurement postulate:

1) Say we are measuring a system X in state p - but the measuring system
itself, Y, will interact with X. And while the measurement will be projective

if the outcome is a;.
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on the combined system XY, it need not be projective on X - compare this with
time evolution, which is unitary on XY but not always on X.

2) Say we have |)) a state such that o - 1Y) = [ip) where 0 = (0, oy, 0,) and
f1 is some unit vector in R®. Ei.g. for 7 = (0,0, 1) this means o.|¢) = |¢), so

1 . —_
[Py =10) = (O) Can we do a measurement to determine an unknown n? n does

not correspond to any self-adjoint operator, since the only operators of a spin-3
operator that we can measure are linear combinations of o,,0,, 0, and I since
together these span the space of 2 X 2 Hermitian matrices.

Generalized Measurement Postulate

(A generalized measurement is) characterised by a set of operators {M,}, where
each M, correspond to an outcome labelled by a. The probability of outcome a is
p(a) = (YIMIM, ) if the system is initally in a state [¢) or p(a) = tr(M}M,p) if the
system is initially in a state p; 1 = ), p(a) = we have the completeness relation

Y. MM, =I. The post-measurement state if the outcome is A is [{) = [¢') =
Mah/}) ’ _ M,;pM;
Vi O PP T v
Claim: projective measurement is a special case of this: if M, = P, a pro-
jection then the generalized measurement postulate reduces to the projective
measurement postulate: we will have M = M, M? = M, M,M;, = 6;M,.

p(a) = WIMEM,[Y) = (WIP2[Y) = (YIPJ), and i) - o) = \,%

How can a generalized measurement be implemented? Suppose an ex-
perimentalist prepares the system A in a state [¢); the ancilla (comprising the
measuring device, immediate environment, etc.) is B; the preparation destroys
correlations between A and B, so the initial state is a product state [) ® |eg) (we
may take the environment to be in a pure state by purification). Then measure-
ment is a unitary evolution of AB, so will introduce interactions between A and
B.

Define an operator U: U(|i) ® lep)) = Y., Mali)) ® lea). {leq)} are mutually
orthonormal states of Hp. To check that such a U is unitary, set [V) = U(|¢) ®
leo)) = X Malp)) ® lea), |P) = U(1) ® leo)) = Ly Marlp) ® lew). The reader should
verify that (D|W) = (¢|y)) (using that {e;lex) = Suw, Y.a MIM, = I). This means
(IR (el UM (U(Ip)®len))) = (Plip), so the operator U preserves the scalar product
between vectors in Ha ® Hp of the form (|i) ® leg)). {|iP) ® leo)} is a subspace
Hs € Ha @ Hp; U : Hs — Hap since U(|Y) ® lep)) = Y., Ma|Y) ® |e,) does not
generally lie in Hs. U preserves inner products between vectors in Hs, and
(without proof) any such operator can be extended (non-uniquely) to a unitary
operator U’ : Hap — Hag; for convenience we shall abuse notation and refer
to this unitary extension as U also.

1) Initial state is [iV) ® |ep). 2) Time evolution U(|[y) ® lep)) = Y., Maly) ® leo)
3) Projective measurement on [¥) = U(|¢) ® lep)): {Pa} where P, = I4 ® |e;){eal.
p(a) = (VIP,|W) = (YIMIM,|p) is the probability of outcome a, and the post

measurement state if the outcome is a is [Wap) = U([Y) ® leg)) — |¥') = %

Po|W) = (I ® lea){eal)(Ul)) ® €0)) = asum(l, ® lea){ea)) (M |¢) @ €xr)) = Malph) ® les).
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Entanglement

We use a simplification known as POVM - positive operator valued measure.
We want to find the probability of an outcome p(a) but are sometimes not
interested in the post-measurement state. We saw p(a) = (1/)|M§Mu|gb>. Define
E, := MIM,. Properties: 0a) self-adjoint, E, = E} 1) E, > 0: Y|} € H, (P|E.lp) =
IMa|p)|I* > 0. 2) Completeness: Y., E, = Y, MIM, = 1.

The {E,} form a positive semidefinite partition of unity. p(a) = (Y|MIM,|) =
(YIE ) = tr(pE,) if the initial state is p. 1) E, 2 0 = p(a) > 0, because
pa) = tr(pE,;) 2) Y., E. =1 = ), p(a) = 1. The E, are called POVM elements and
{E;} isa POVM.

Special case: initial state i), on the ath outcome [) = [¢") oc M,|Yp). From
E, = M!M,, we could define M, = VE,. But this is not unique, so the post-
measurement state is not uniquely defined.

Definition (POVM): A POVM is defined by any positive semidefinite par-

tition of unity, E, > 0, Y,,E, = I. If a measurement is described by {E,},
p@a) = tr(pE,), X, pla) = 1.

Pure POVM: If E,; = |(pa){¢alVa, {E,} is called a pure POVM,; see the second
example sheet.

Suppose an experimentalist prepares a qubit in state [{) with o - 7I[Y)) = [¢),
0 = (0x,0y,0,), 11 € R3, and we are given that 71 lies in some set {1,} such that
Y, Aaty = 0 for some 0 < A, < 1,Y. A, = 1. What would be the POVM elements
that would characterise the generalized measurement that would help us to
determine 71?

Define E, (corresponding to 7,) by A,(1 + 7, - 0). The reader may check
E, = 2A,P; where P; = |15 ){17 |, projection onto up spin along the direction
.. WehaveE, >0asP >0,A,>0,and Y, E, = Y, A1+ Y, An,-0=1+0=1.
So {E,} forms a valid POVM.

Case 1: m € {m,m}. Y, Ay =0 = A1 = Ay = %,ﬁl = —1,. In this case
E1 = 2MP; = P, E» = P;, = 1—- P = P_g. Ey, E> are projection operators
which project onto orthogonal spaces, so this is just a projective measurement.
p(1), the probability of outcome 73, is, if the initial state was [), (Y|E1[) =
LI +71 - oly). If indeed 70 =711, then ¢ - T1[ip) = [if) and the reader may check
p(n1) = 1; if n =7, then the reader may check p(n1) = 0.

Case 2: n € {1,712, 13}, and consider the symmetric case A1 = A, = A3 = %
E, = %P’ﬁ“ fora = 1,2, 3,and these are not mutually orthogonal. The probabilities
p(1), p(2), p(3) are computed on the second example sheet.

Entanglement and its applications

Consider a bipartite system H4 ® Hp. A pure state [ 4p) is entangled if its
Schmidt number is > 1 (|ipap) = Z:?il Ailig)li)). Notice pa = Z?il /\izliA)(iAI so Ng
is the number of non-zero eigenvalues of p4.

Entanglement has no classical analogue. It cannot be created or increased by
local actions or classical communications (LOCC). E.g. for |i4p), local unitary
(LU) operations (U4 ®Up), (Ua®@Up)|Ya) = Ié); the entanglement of Ié) isnever
> the entanglement of () 4p); specifically the Schmidt number n, is never > ny,.
The same is true for classical communications and general local operations.

The Bell states are MES [¢) for which pa = % - the reduced state is a
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completely mixed state. For a pair of qubits, |[¢p*) = \%(IOO) + [11)), [Y*) =
%(m) +]10)) in Ha ® Hp. The four Bell states can be characterised by two
classical bits: the parity bit, whether the spins of the two qubits are parallel or

not, say O for parallel (a ¢ state) and 1 for antiparallel (a i state). The other
bit is the phase bit, 0 for a + state and 1 for a - state. So one can encode two

classical bits in the state of a 2-qubit system.

If we have both qubits, we can obviously recover the state by projective
measurements - use Po; = |[p7)(¢~| and similar. But if we are only allowed to
work locally on each qubit, there is no way to recover the information.

Recall: we can encode two classical bits in a Bell state, characterised by the
parity bit (® or W) and phase bit (+ or -). Then we can make a Bell measurement
- a projective measurement on the Bell basis - to retrieve both bits. But, if the
two qubits are in different locations A and B, we cannot recover the information
of the two classical bits by LOCC.

(I) Effect of local unitary (LU) operations: Alice and Bob manipulate the
information encoded in the shared state (e.g. |¢*)), but neither of them can
access the information by local measurements. E.g. Alice applies o, to her

qubit; 0:10) = 10, 0:11) = —[1), s0 (o ® Ip)Is,) = (o7 @ Ip)(PEH) = PR =

¢ ) - the phase bit has flipped, and in fact this will always occur - o2 takes

php) © 1Pap), Whp) © 1Y)
E.g. if Alice applies oy, [};) — [¢};), and the reader should calculate

A Inld=
0y ®Ipld ).
So the effect of local unitary operations is to send one Bell state to another;
we still have ps = %

Effect of allowing CC

Note that the Bell states are simultaneous eigenstates of two commuting oper-
ators: Xap = 04 ® 08, Zsp = 04 ® 08; the reader may check [X4p, Zag] = 0 even
though e.g. [02 ® Is, Zag] # 0. ([02 ® Is, Xap] = 0, trivially).

Fora = O,V, XAB|0423> = |0‘:13>' Xaplayp) = —layp). So the eigenvalue of
Xap is the phase bit. The eigenvalue of Zup is the parity bit: Z4p|®%,) =
D% 5), ZaplWip) = —[W5 ) (the reader should check this).

So with LU and CC allowed, say Alice and Bob both decide to measure
af, of. The final state remains an eigenstate of Xp since 0;?, af? commute with
Xap. From their results Alice and Bob can figure out the phase bit. But, af, of
do not commute with Z43z.

Now, allowing arbitrary LO, including POVM. The result is that the Bell
satte a (MES) can be converted into a different entangled state, not necessarily
a MES. Iqb:j‘B> = %(lOO) +[11)). (1) Alice performs a measurement on qubit A

. cos 0 0
which has two outcomes: measurement operators M; = ( 0 sin 9) My =

SHSG cog o) Recall: if the outcome is 1, Alice’s qubit |p) (")) < M;|p).

M;|0) = cos 60]0), M1|1) = sin 0]|1), M»|0) = sin 0]0), Mz|1) = cosO|1). If the
outcome of Alice’s measurement is 1, the final state is oc (M1]0)|0)) + (M1]1))[1).
So if the outcome is 1 then |®} ) — cos 0|00 + sin 6[11); if the outcome is 2
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|7 ;) — sin 0]00) + cos O|11).

The protocol is: if this outcome is 1, Alice doesn’t do anything. If the
outcome is 2, Alice acts on her qubit with o - so the resulting state if her
outcome was 2 is sin 0]10) + cos 0]01). Alice tells Bob whether her outcome was
1 or 2; if it was 1, Bob does nothing to his qubit, while if Alice’s was 2 then Bob
acts by og(B). So the final shared state is cos 6|00) + sin 8|11), whichever result
Alice obtained - so |®} ;) > |xap) = cos 000) + sin 0|11). We claim p‘;} # % # pf,.

What about general states (in AB) [{), |¢)? Is it possible to have [¢)) — |¢) by
LOCC. Here a distinct area of pure mathematics can be applied: Majorization.
This is about ordering of real n-dimensional vectors. Given x = (x1,...,%,),y
W1, ..., Yn), form xt = (x%,xi, .. ,x,ll) where | is a permutation such that xi
xé > > x), similarly for y!. We say x is majorized by y, x <y, if Zf-;l xl.l
Ye, yil\v’k =1,...,n—-land Y1, xil Y yil.

Let p’lz, p’(; be the respective reduced density matrices, Ay = (v1,...,vy), Ap =

IAN IV

(41,..., 4un) be vectors whose elements are eigenvalues of p$ and pg‘. Take
ViZer 2V 1200 2

Theorem: [)) canbe mapped to ) by LOCCiff Ay, < Ay, i.e. Y vi< Y
(Vk < n) (we have Y7L, vi =1 = Y7, ;). Consequence: entanglement cannot
be increased by LOCC.

Recap: If Alice and Bob share a bell state i) € {|®*),[¥*)}, 1) By a LU
operation, we can have [i))  another Bell state. 2) By LOCC a) where the LO
is projective measurement, e.g. A and B decide (using CC) to measure o, or
o, on each qubit, A and B can determine either the phase bit or the parity bit,
but not both - see the second example sheet. b) where the LO is a generalized

measurement (POVM), and we have CC, we can have [{)mEs Lse |p) not
necessarily a MES. So we ask: given [¢),|¢p), can one convert |¢) to |) by
LOCC?

Theorem (Nielsen): we may have [) — |¢) iff Ay, < Ay, for [¢), Q) €
H s @Hp. Recall: Py = trpli)(Y|, similarly pg. Ap =1, V), Ag = (U1, - .-, lin)
where n = dim H, = dim Hp, v; are the eigenvalues of pﬁ including zero, y;
similarly for pg‘, and we choose to construct Ay, Ay such thatvy >vo > ..., u; >

p2 = ... Ay < Ay means YE vi<Yh, uiVk = 1,...,-1 and we have equality
for k = n; the proof of this theorem is very clear but too long for this course; it
is given in Nielsen and Schrong [sp?].

This theorem implies the following lemma: entanglement (of a pure state)

cannot be increased by LOCC. Suppose 1y is the Schmidt number of [¢)), sim-

ilarly ny, and suppose [¢) HSC |¢), then we cannot have n, > ny (ny char-

acterises the entanglement of [(); [i)) is an entangled state iff ny, > 1). We
prove by contradiction: assume we have some such LOCC and ny > ny. This
implies dm < n such that y, # 0,v,, = 0; (then v, = 0 for w > m). So
Yo # 1, Y05 vi = 150 Ay £ Ag, a contradiction.

Recall: a mixed state p is separable if we can expressitas p = ¥ pili{¢i| ®
|pi){¢pil, entangled otherwise.
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Applications of entanglement

Superdense coding: suppose Alice wants to send 2 classical bits to Bob; no CC
is possible between them, but they have a quantum (qubit) channel which A
can use to send a single qubit to B. Can she send two classical bits at once by
transmitting only one qubit? The answer is yes, if A and B initially share a
Bell state (MES). How? Suppose A and B initially share [P} ;) = %(IOO) +|11)).

Alice’s possible messages are 00, 01, 10, 11; she has one qubit, her half of |CDZB).
She acts on it according to: if the message is 00, the operation is oy = id giving
the final shared state |®7;); for 01 she acts with o, to give |®}.), for 10 oy
giving [W7 ); and for 11 ioy giving |[W} ;). Then she sends her qubit to B; Bob
now has both qubits A, B, so can perform a Bell measurement on the two to
unambiguously identify the state, and hence infer Alice’s message.

Also notice that if Eve intercepts Alice’s qubit, it will always be in the state

= 1; thus there is some eavesdropping resistance.
Quantum teleportation: suppose Alice wants to send an unknown (to her)
quantum pure state of a qubit to B, but there is no quantum channel between
them; only CC is possible. Again, this is possible if Alice and Bob initally
share a Bell state. Let Alice and Bob share |7} ;) initially; the unknown ntate
is [Y)c = [) = al0)c + b]1)c € Hc. The protocol is that A unites the C-qubit
[Y)c with her member of |(I)XB> - we take the tensor product and consider
the tripartite state shared between A and B, which is initally [p)c ® [P} ;) =
(“|0>C+b|1>C)®%(|OO>AB+|11>AB) = 2(19)ca®lY)p+ 31DV ca®0:P)p+ [P )ca®
oU)p + %|W_>CA ® (—ioy)|ip)s, where [{)p = a|0)p + b|1)p. Alice has both C and
A qubits so can perform a Bell Measurement and determine unambiguously
the state of CA. She characterizes the outcome by two classical bits - phase and
parity - and if the outcome is |®~), sends 01 to Bob classically. Then Bob acts on
his qubit o;|¢)g with o, to get a§|¢> B = |iP)p; similarly, Bob will act with other
operators if Alice obtained other outcomes from her Bell measurement. Bob’s
final state will therefore be |¢’)p, whichever outcome Alice obtained. Thus, the
state |i) has been “teleported” to B without disrupting it.

Note that there is no violation of the no-cloning theorem, because the state
of qubit C is destroyed by this operation.

Pl

Quantum Entropy

The von Neumann entropy is the quantum analogue of the Shannon entropy.

A quantum information source can be characterised by a set of states {|{x)} C
H and a set of corresponding probabilities {py}; therefore it can be completely
characterised by (p, H) where p = Y pilti) (Wl

Definition: for a density matrix p, the von Neumann entropy is S(p) =
—tr(plogp). (As usual log is base 2 and 0logO0 is defined to be 0). If we
choose an orthonormal basis {|;)} which diagonalises p we obtain the spectral
decomposition p = Y; = 1"A|Y)(iil, with A; > 0 and },; A; = 1. {[);)} here are
orthonormal eigenvectors corresponding to the eigenvalues {A;}. In this case the
von Neumann entropy reduces to the Shannon entropy, S(p) = — Y; A;log A; =
H(A), where A = {A;} is the set of eigenvalues of p. This makes sense, since these
eigenvalues obey the same rules as a probability distribution.
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We shall see later that von Neumann information quantifies the incompress-
ible information content (data compression limit) of a memoryless/IID quantum
information source, just as Shannon entropy does for a classical information
source.

Definition: quantum relative entropy: for density operators p1, p2 (acting on
the same Hilbert space), the relative entropy is S(pillp2) = trpi(log p1 — log p2).

(This is analagous to the classical relative entropy D(pllq) = X, pilog %). Note
that this is well defined only if supppi C supppz, where suppp is the support
of p, the subspace spanned by eigenvectors of p with nonzero eigenvalues;
otherwise S(p1(lp2) = oo.

Two important properties of this are: 1) non-negativity: S(pillp2) = 0 with
equality iff p1 = py, 2) joint convexity: for p1,p» = 0 and p1 +p2 = 1, S(p1p1 +
p201llp1p2 + p202) < p1S(pillp2) + p2S(oillo2). This inequality implies S(p1llp2) is
convex in each of its arguments. These will be proven on the third example
sheet.

Properties of von Neumann entropy S(p)

5(p) = 0 with equality iff p is a pure state density matrix. If we have a pure
state p = [¢;)(1)i then A; = 6;j s0 S(p) = —1log1 = 0.
S(p) is invariant under unitary transformations p — U'pU; this is obvious
because S(p) depends only on the eigenvalues of p, and the spectrum of an
operator is invariant under such a transformation.
If dim H = d then S(p) < log d with equality iff the system is in a completely
mixed state (entropy is maximised when the state is chosen randomly): let
p1 = p,p2 = L, then S(pi1llp2) = trp(logp — log 1) = tr(plogp) — log 1trpl =
—S(p) +logd > 0.
The quantum joint entropyis S(A, B) = —tr(pap log pag), the quantum conditional entropy

S(AIB) = S(A, B)—S(B) and the quantum mutual information of two subsystems
A, Bof acomposite system ABis S(A : B) = S(A)+5(B)—5(A, B) = S(A)—-S(A|B) =
S(B) — S(B|A), all by analogy with their classical counterparts. However, note
that some results from the classical case no longer hold: H(X) < H(X,Y) and
H(Y) £ H(X,Y) (the entropy in a single variable is always < that in a pair
of which it is a member), so H(Y|X) > 0: the conditional entropy is always
nonnegative. However, this is not the case for quantum entropy:

Let AB be a system of two qubits in the Bell state |} ). So the density
matrix of AB is |(IDXB>(CDZB|; those for A and B are completely mixed states

pa = %,pg = %B So we have S(A,B) = S(pap) = 0 since pap is a pure state,

but S(A) = S(pa) =1 £ S(A, B). So the quantum conditional entropy S(B|A) =
S(A,B)-5(A)=-1<0.

Let Hap = Ha ® Hp. Note that for T an operator of the form T = Ty ® I,
tr(pagT) = tra(paTa); in fact this can be taken as the definition of the reduced
density matrix.

Concavity: von Neumann entropy is a concave function of its inputs: given
probabilities p; > 0 with },p; = 1 and corresponding density operators p;,
S(Xipipi) = X piS(pi) (proven on the third example sheet, using concavity of
—xlog x and spectral decompositions).

Additivity: For pa, pp acting in spaces Hy, Hpg, the entropy of the density
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matrix pa ® pp acting in Ha ® Hp is S(pa ® ps) = S(pa) + S(ps), with the
obvious (inductive) generalization for p; ® --- ® p,: let pa, pp have spectral
decompositions pa = Y prldkXPrl, pp = L;qili)Xyjl, then |dp) ® [¢;) is an
eigenvector of ps ® pp corresponding to the eigenvalue pyg;. So S(pa ® pp) =
— Xjkprqjlog(pray) = —(X;49)) L pelogpe — (Xapr) Ljqlogq; = S(pa) + S(pp)
(because }.;q; =1 = Y., px)- This is as we should expect: for two independent
subsystems, the information of the total system they form is the sum of the
information of the two.

Subadditivity: For a system AB composed of two subsystems A, B (no longer
assumed independent) and a general (non-product) state pap, S(pap) < S(pa) +
S(pg)- To see this, set p1 = pap, p2 = pa ® pp, then S(p1llp2) = trpaplog pap —
trpap log(pa®pg) = —S(pas)—tr(pas log((pa®Ip)(1a®ps))) = —=S(pap)—tr(pas log(pa®
Ig))—tr(pap log(Ia®ps)). Since tr(pap(Ta®lp)) = tra(paTa) wehave tr(pp(log(pa®
Ip))) = tr(pa log pa), and the above is = =S(pap) — tr(palog pa) — tr(pp log pg) =
—=S(paB) + S(pa) + S(pB) = 0. So we see that entropy is additive for independent
systems, but otherwise the entropy of a composite bipartite system is less than
the sum of the entropies of its constituent subsystems. This is analagous to the
classical property H(X, Y) < H(X) + H(Y).

If a composite bipartite system is in a pure state p4p then the von Neumann
entropies of its subsystems (whose states are given by the reduced density
matrices pa, pp) are equal, S(pa) = S(pg). This follows directly from the Schmidt
decomposition: the nonzero eigenvalues of the density matrices pa, pg are the
same, and the entropy is determined completely by these eigenvalues.

Triangle inequality (Araki-Lieb inequality): for a bipartite system AB is state
pas, S(paB) 2 1S(pa) — S(pp)l: we introduce a reference system R which purifies
AB, i.e. the composite system ABR is in a pure state. By subadditivity S(A, R) <
S5(A) + S(R); since ABR is in a pure state S(A, B) = S(R) and S(A,R) = S(B).
Substituting and rearranging we have S(A, B) > 5(B) — 5(A), and by symmetry
also S(A, B) > S(A) — S(B), so we have the result.

Let p = ) ; pipi where p; are density matrices which have support on orthog-
onal subspaces. Then S(}; pipi) = H(p) + X.; piS(pi), where p = {p;} and H(p) is
the corresponding Shannon entropy (see example sheet 3).

Strong subadditivity: for any state papc of a tripartite system, S(papc) +
S(pB) < S(par) + S(pgc). This is one of the most important and beautiful results
in Quantum Information Theory, proven by Lieb and Ruskai, but beyond the
scope of this course.

Consequences: 1. Conditioning reduces entropy: S(A|BC) < S(A|B) 2. Dis-
carding quantum systems never increases mutual information: S(A : B) <
S(A : B,C) 3. Quantum operations never increase mutual information: let
® be a CPT map acting on the subsystem B alone, let A’B’ be the composite
system AB after the action of ®. Then S(A’ : B’) < S(A : B): note A’ = A.
Go to a larger Hilbert space (Stinespring Dilation Theorem); ®p corresponds
to some Upc unitary for some ancilla C. We wlog take C initially in a pure
state [0)(Olc, so papc is initally pa ® [0){Olc. papc = (Ia ® Upc)pasc(la ® Uj)
and pap = tropapc. 1) We claim S(A : B) = S(A : BC); the RHS here is
5(pa) + S(pac) — S(pasc); pasc = paB ® pc 50 S(papc) = S(pas) + S(pc) = S(pas)
(as state of C is |0){0lc). Similarly S(BC) = S(B) so this is just the idenity that
S(pa) + S(ps) — S(pag) = S(A : B). 2) S(A: BC) = S(A” : B'C')as A’ = A and
BC — B’C’ was unitary. 3) S(A’ : B'C’) > S(A’ : B’) by the above.
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Quantum Data Compression

A quantum information source is defined by {px, [{i)} probabilities and corre-

sponding signals, so can be characterised by {p, H} where p = }_ prlx){ixl; note
we do not generally have (i|();) = 0, thoughwe dohavep, > 0, Y, px = 1. We
aim to find the limit of data compression; as always we use the source # times
and consider n — 0. So we need to consider a sequence of density matrices
p™ acting on spaces H, = H®". p® = ¥, pp™)y!"”|. Let N,, = dim H,; this
increases with 7; in practice we will always be considering H a single qubit
space so N, = 2" [CHECK].

To compress, we have some function C" : B(H,) — B(H,) |4),((”)><4),((”)| —
Pn. If dim H,, = d.(n), we have compression if d.(n) < N, = n; compare this
reduction in the dimension of the Hilbert space (i.e. the number of qubits)
with a reduction in the number of classical bits. Our decompression function
is DM : B(H,) — B(H,). We must have C™, D" CPT. The rate R, of a scheme

(n) )\ ; logdim’/:l,, _ logd.(n) _ logd.(n) T T logd.(n)
("W, DMy is Togdm#, = TogN, = - Reo = limy 0 log 1 = limy 00 =27

We want to calculate Ro, = lim,_,.o R®. Since |W;), |W;) are not necessarily
orthogonal, i.e. not necessarily perfectly distinguishable, it would be “un-
fair” to use the same definition of reliable coding as in the classical case; in

general perfectly reconstruction I\I/]((’ﬂ) from its compressed version ﬁ]((”) would

be an impossible task. Instead, we require, for D" (5") = p'®, p'® nearly

indistinguishable from |‘y,(<n)><‘1’,((n)- There are various measures of indistin-
guishability; we will use the ensemble average fidelity. This is defined as
Fo:i=Y, pl((")@I’l((") |Z)(”)(ﬁl(("))|\lfl(<")). Note that this satisfies (the reader should ver-
ify) )0 <F, <12)F, =1 & DWp") = W)W vk [with p; > 0]. Our
compression-decompression scheme is reliable if F, — 1 asn — oo.

What is R, for a reliable scheme? The key idea is that the Hilbert space H,,
has a typical subspace; this notion was introduced by Ohya and Petz, but only

applied to Quantum Information Theory by Schumacher, for a memoryless
(IID) source - one for which H,, ~ H®" and p® = 1®" for some density matrix
7t (acting on) H. For such a source, let the spectral decompositions be T =

L qild)(@il @ = dimH), p» = T AP1pP )" (note that the |p;) are
not the same as the |¥;); in particular they are orthonormal), then we have
)L;”) =qjy -G |go§.”)> =|$j)® - -®|¢p;,). So we can identify j with the (classical)
sequence j = (ji,...,ju). Then p® = ¥, A;”)l(pgn))«p;”)l; the sum is over all
possible sequences j. So S(p™) = S(n®") = nS(n). And S(n) = H({g:})-

We can try to define a typical set; recall that for an IID classical source,
U, ..., U, with U; ~ p(u),p(us, ..., un) = 1, p(ui). For a givene > 0, u =
(u1,...,u,) is e-typical if | — %logp(ul,...,un) — HU)| < €, where H(U)
— Y. p(u)logp(u). So here we analagously define T®, the set of typical se-
quences j (for given € > 0) by | — %log(q,‘1 ...qj,) — H({gi})| < € (recall /\;”) =
qj, - --qj, is the probability of the sequence j = (j1...j,)). Le. j is e-typical if
|- Llog /\]f") -S(n)| <e.

We proceed from T to 7" ¢ H,, = H®", the typical subspace, which is the
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space spanned by those eigenvectors of p, Igo(")> = |$;,)®- - -®l¢j,) for whichj €
T%; note dim 7 = |T). Then from the typical sequence theorem (forany 6 >
0and 1 large enough, 1) P{T"} > 1-§ and 2) (1-6)2"HW-¢) < |TP| < 2nHM+e)),
we obtain the typical subspace theorem: for fixed € > 0, Yo > 03n0(5) > 0 such
that Vi > 19(0), a) tr(PY p®) > 1-5and b) (1-6)2"6M-9) < dim T < 2nSm+e),
where P is the orthogonal projection operator onto T, b) is immediate from
2) in the typical sequence theorem; for the first we claim tr(P{") is the probability

of 71: it is tr(P(”)ZA(”)Iqol(”))<q0(”)l) =Y, /\ e (P |1/)(”)>(1/)(”)|P = Lo AW

as required. But the probability of T is the same as the probability of Tg’), SO
> 1 — 0 as required.

Conclusions: dim 7" ~ 2"5M and tr(P!" p™) > 1 -6, so tr((I - P)p™) < 6.
Our compression (technically compression-decompression) scheme is (sketch):
we choose C™ such that its effect on a signal state I\I/]((’ﬂ) = Pé”)l\lfl(:’)) + (-
PS’))I\IJI((”)> is that the first term is left unchanged while the second (“junk”) term
is projected onto some fixed o) € 7.

Define p” = a2[U (W] + B2|Do)(®o|, where [(”)
P B
ﬁ;(:l) 7—«€(n)

Then D™ 1s snnply the extension of p( ) from the typical subspace to H®",

_ Pi\n)‘\yin»
TPy
(T - Pf;"))l\lfl((")ﬂl and |®p) is a fixed vector in 7."). We have

and a; =

DM (") = p" & 0 (abusing notation slightly, we will also call this “matrix
expanded with zeroes” p\").

Recall we are usmg ensemble average fidelity F,;; here F,, = ) p(")<‘I’(" I"(" I\Ifl((")).
(Since p\" = [P )W |+ B2|Do ) Do) this 1s2p(”)(a2|<\11 I‘I’(”)>I2+l3kl<‘lf @) [2);
the second term inside the bracket is > 0, and |<‘I’ I\IJ("))l2 |<‘I’ 1P |‘I’ N2 =
IPYYIR = a2, s0 Fy > Yp\"at. Use that (a? — 1)2 > 0, ie. a} > 2a? -1, then
F, > ka(")(Za ~1orF, >2Ypa? - 1.

Schumacher Theorem

Let {p,H,,} be a memoryless quantum information source, H, = H®", p,, = n®"
Then 1) If R > S(m) then there is a reliable compression scheme of rate R, 2) If
R < S(m) there is no such reliable scheme; we shall only proove the first part,

as the second is somewhat fiddly. Recall R = M ie. dim#, = 2"~
Choose € > 0 such that R > S(n) + €; for a given 6 > 0 consider n large enough

and 7" the typical subspace of p® such that dim 7" < 275+ < 2R =
dim 7" < [required dim H,]. F, > 2(¥; p]((")ai) 1=2Y, p(")(\PE")IPf;")I\I/?)) -
1= Ztr(Pén)Pn) -1>2(1-06)-1=1-26,s0we have the result.

Quantum Error Correcting Codes

Consider a single qubit initially in a pure state |{), interacting with its environ-
ment initially in a pure state |0g); The time-evolution is unitary, U(|i4) ® |Og)).
Since [¢) = a|0) + b|1), the time evolution can be characterised by U(|0) ® [0g)) =
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10) ® leoo) + 11) ® leor), U(I1) ® |0g)) = 10) ® leo) + |1) ® le1n), for some states
leij) (not generally orthogonal, normalized or anything of the sort). Then
U(lY) ® [0g)) = all(|0) ® [0g)) + bU(|1) ® |0g)), which we can rearrange as (a|0) +
b11))®3 (leoo)+le11)) +(al0)—bl1)) @3 (leoo) —le11)) +(al1) +b|0)®- - -+ (al1)=bl0))®. . .,
which we write as [{) ® |eg)r + 0:[{) ® le;)r + 0x[Y)) ® lex)E + 0,[Y) ® ey )E.

So heuristically, the effect of noise is one of: nothing oo = I, a bit flip oy,
phase flip 0, or combined flip 0.

The unitary evolution of # qubits with environment is expressed in terms of
the 4" operators {0, 0%, 0y, 0-}*"; we assume that errors are locally independent
(i.e. errors on each of the n qubits are independent), and also sequentially
independent (if we send the same qubit through multiple channels, the errors
ocurring in each channel are independent).

If the initial state of the n qubits is V), environment initially |0g) of course,
then U(|W)®|0g)) = ﬁil(Eul\P» ®les). The E, are 2" X 2" matrices, each a tensor
product of n operators; the |e,) are just some states. We have E, = E;L, E;E,, =1
since these are true for o;; these E, are called Pauli operators.

We can relabelby a — a = (a4, ..., a,). Bach a; is a “letter” from {I, X, Y, Z},
then we write E, = ®1 <jn Wg]) where W, is respectively oo = I,04,0y,0;
depending on a; and ) indicates that it acts on the jth qubit (i.e. it is the matrix
with a 2 X 2 g-matrix in the jth position of the tensor product and identity
elsewhere).

Given an E,, what is its action on an n-qubit state? It suffices to consider
E,lx) for |x) a basis state of H®", |x) = |x1x2...x,) with x; € {0, 1}.

Consider a withnontrivial (# ) entriesatlocations ji, ..., j,, @ = (Iaillay .. .)
(or similar). Write E, = Ef,ll Effz . Ef{r (note this is the ordinary product of 2" x 2"
matrices).

E;(Ix) = |x + ), where addition is mod 2 (e; is the usual basis vector),
because 04|0) = [|1),0:]1) = |0) - this is a bit flip on the jth qubit. Similarly
E)lx)y = (—1)%lx), E}lx) = i(=1)"|x + ;).

Definition: the weight of a Pauly operator E, is the number of a s which are
# I,i.e. the number of local errors.

E4Ey o Egun; the proportionality constant is +1 or +i, and a x &’ is
componentwise product, (aia], axa),...) (where aa’ is defined to mimic the

product of Pauli matrices: Ia = al = a, a?=1,XY=27YZ = X etc).

A QECC y, which we shall call an [[#n, k, d]] code or for now a [[n, k]] code,
is a linear subspace of dimension 2 embedded in a space of dimension 2", for
n > k. nis the block size of the code, k is the number of encoded qubits. E.g.
k=1,n=3: Xrp the quantum repitition code |[0) — [000),|1) — [111) (But note
that for this cote |¢) = al0) + b|1) — |[¥) = 4/000) + b|111) not generally equal
to [)®" (so this does not violate the no cloning theorem)). Encoding is highly
non-local - we have entanglement.

Xrep Protects against a single bit flip erro. The quantum analogue of the

MBSC with probability p is a quantum channel ® - a CPT map - given by
D(p) = poxpox + (1 —p)p. (This is a CPT map: we can write ¢(p) = }:i:l AkpAZ
by A1 = \/ﬁo’x,Az = \/1 —pao).

There will be two parts to the error-correcting process: 1) syndrome dyag-
nosis - we will have to make a measurement to find out what error (if any) has
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occurred. Note that since we do not want to disturb the state, this measurement
will have to diagnose the error without telling us about the state. 2) Recovery -
e.g. if we detect that o, acted on the 3rd qubit, we act with o, on the 3rd qubit
to recover our original state.

Our syndrome diagnosis must be by a carefully chosen measurement that
gives information about the error but no information abouta and b. We perform
a collective measurement on the three qubits: measure the four operators Ay =
Py =(000)¢000] + [111){111], A; = Py = [100)¢100] + |011)<011],.... The outcomes
are syndromes Sy, S1, Sz, S3, each 1 or 0 (the P; are projection operators, so when

measuring P; the projection operator onto the +1 eigenspace is P; itself, and onto
the 0 eigenspace is [ - P;). Also, the state |¥’) is unchanged, e.g. suppose we had
a bit flip on the second qubit, |\¥’) = 4|010) + b|101). Then e.g. we measure P;, so
the outcome is 0 and the post measurement state is oc Pél‘l”) = (I-P)IV') =[y').

So we can determine whether there was no error or an error on the first,
second or third qubit. In this case we discover an error on the second qubit. So
then we act on [¥’) by 0o ® 0x ® 09, to recover i) = a|000) + b|111). Note we still
have no information about a or b - a QECC can correct an error only if it does
not disturb the superposition of the basis states, i.e. the coefficients must still
bea,b.

What about a phase flip error, e.g. o, 0s the second qubit, (6o ®0,®09)|¥) —
al000) — b000). xrep cannot correct a phase flip, as the reader may investigate.

Note that we could not use this method to obtain a [[2,1]] code for bit-flip
errors; we would have P; = [10)(10] + [01){01| = P,, so we cannot distinguish
between errors in the first or second bit.

The Schor code is a [[9,1]] code: |0) — |0) = %(lOOO) +111))%3, 1) —

1) = %(IOOO) — |111))®3; for convenience we write these as [+)[+)|+) and

|-)I-)|-). Clearly this can correct a bit flip error. Consider a phase flip e.g.
on the second qubit; we have E, (where a = (IZI...I)) with E,|+)|+)|+) =
[+, Eal=)=)I=) = [+)|-)|—) (note that sometimes different error opera-
tors cause the same change to the codeword). Let A = 0, ® 0x ® 0y, then
Alx) = +|+). We would like to measure e.g. A ® [*® ® [*? etc., but this will
not work; it would destroy the superposition. So instead we measure E,, Eg
where @ = XXXXXXIII, B = IIIXXXXXX. We have E2 = [ = EIZ;, so the eigen-
values of each are +1. The reader may check E,|V) = [V) = Eg|W). If e.g.
W) = al=)|+)+) + bl+)|-)|-), then Ep|WV’') = [W’), Eo|¥’) = —|¥’). Generally,
S, tells us whether the relative phase of the first and second sets is different,
Sg does the same for the second and third, and together this tells us whether
there have been no phase flips or in which sed of three the phase flip ocurred
(assuming of course only one has occurred) - here, the first set of three. Then
we can correct it, e.g. in this case if we act by 0, ® gp ® 0¢ on the first set of 3
qubits.

Xrep is @a non-degenerate code but xqnor is degenerate; see later.

Clearly, if we only want to correct a phase flip with no possibility of bit flips,

we can use [0) = |+ ++),[|1) > | — ——), where |£) = %
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Definition and basic properties of QECC

Given x to correct a set & = {E,} of Pauli errors (e.g. xrep corrects {E, :
a = III, XII, IXI,1IX}). We want a necessary and sufficient condition for error
correction: suppose y is an [[n,k]] code, x ¢ H®", [i),|j) mutually orthogonal
basis codewords. It is necessary that the E,s should not destroy the perfect
distinguishability of such mutually orthogonal basis vectors: Vi # j, Enli) L
Exlj) ie. <j|EZ,Ea|i> = 0 (1) (and note the E, are self-adjoint, so we may or
may not drop the ts). A sufficient condition is (2) ( JIEXEgliy = Oaar0ij, 1.€.
Enli) L Eyli).

Suppose y is such that (2) holds. A codeword [W) = }'; c;li) passes through
a noisy channel and is acted on by E,, becoming [W’). This lies € x*, since
(i|¥’) = OV basis codewords |i). Then syndrome diagnosis is unambiguous,
and we recover by E,|WV’) = E,E,|¥) = [¥). This is called non-degenerate
quantum error correction.

A general NASC for error correction is that ¢ le’;,Eali> = cyafjli) for some
Cwa € C (independent of 4,7 - ie. (iI(E}:,Ea)Ii) is the same VY|i)). Then the
non-degenerate case is ¢y = Opa-

Recall the weight w(a) is the number of non-identity entries in . If & con-
tains all E,, for w(a) < some integer [E, we say ) is [E-error correcting. If|i), |j) € x
with (i]j) = 0, x a E-error correcting code, then Ya, o’ with w(a), w(a’) < E,
E,li), Ex|j) orthogonal. The non-degenerate case is E,|i) L En[i) unless & = &'.

We say x is D-error-detecting if VE, with w(a) < D, Vi), |j) € x, (jIEali) =
ra{jli) for some r, € C, i.e. Euli) = r4li) + |dqi) for some |pyi) € x*+. The
non-degenerate case is (j|Ea|i) = r4(jli) where r, = 0Va # L.

For non-degenerate error correction E,li) € x* .. (i|E4li) = 0.

The reader should check: A QECCis E-correctingif V|i), [)") € x, (w’IE;,E(xlgb) =
CwalY'lP), non-degenerate if cyy = Opa, and error detecting if (Y'|E,lY)) =
ra(Y' ).

Distance of a code y: d (the 3rd term in the characterisation of a code as
[[n, k,d]]). d is defined as the minimal weight of a Pauli operator E, such that
i, 1) € x with GIEali) # ra{jl)-

Theorem 1: 1) If x corrects E errors it detects 2 errors, 2) If x is D-error
detecting it is I_%J error detecting: for 1), Ya with w(a) < 2[E, we can write E, =
E;;,Eﬁ (non-uniquely) with w(B), w(f’) < E. Then (Y'|E4|Y) = (Y'|EgEglth) =
cpp(Y’[Y) since the code is [E-error-correcting, so set r, := cgp. For 2), Ya, o’
[of weight] < I_%J, ELEy = kyaEaxa. But w(a x a’) < D, so <¢'|EZ,EQ|4}> =
kaa’<l/),|Ea*a’|lP> = kaa’ra*a’«/)‘primellp)/ SO Cqraq = kaa’ra*a’ works.

Theorem: an [[n, k, d]] code detects d — 1 errors and corrects d%l errors.

Theorem: an [[n, k, d]] code corrects d — 1 errors of known location. Wlog
assume the errors are on qubits 1,2, ...,d—1. Then VE,, E, of the form...I...I,
ElEy o« Eque, but w(a x &) < d — 1, so (¢'|[EwEali)) = kawrs(ylyp); call this
Cam‘prime<ll)/|lab>-

Exercise: check these results for xrep and Xshor-

Recall: A [[n,k, d]] QECC y is a 2*-dimensional subspace of the n-qubit
space H®" which can detect d — 1 errors and correct I_d%lj errors. (This is also
sometimes called a [[#, k, t]] code where t is the number of errors it can correct.)
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Quantum Hamming Bound

For a non-degenerate [[1, k, t]] code: In a block of 1 qubits, there are (’;) possible
ways for there to be errors on j qubits, so the total number of possible errors
of weight < tis N(t) := Z;:o 3/ (’]1) (there being three possible errors X, Y, Z on a
single qubit).

Recall: a non-degenerate code has J,|i), E|j) always linearly independent
for |iy # 1j) € x,@ # @’. So H®" must be large enough to accomodate N(#)2F
linearly independent vectors, so N(#)2* < 2" = N(t) = Y./ 3/ () < 2"k This is
the Quantum Hamming Bound.

Considerk = 1,t = 1. Then the QHB is 1 + 3n < 2"1, satisfied by n > 5. This
is exact: 1 + 15 = 16, so any non-degenerate [[5, 1, 3]] code (if such exists) will
be perfect.

Does a degenerate [[4,1,3]] code exist? (No, as will be proven on the
example sheet using the no cloning theorem). There are many other bounds, e.g.
the Quantum Singleton Bound (which is true for a general, possibly degenerate
QECCQC): n — k > 2(d — 1); see the final example sheet for this course.

Recall: All possible quantum operations are given by CPT maps ®@. Such a
@ is called a Quantum channel. A channel is called unital if ®(I) = I. It is useful
to consider a qubit channel as a map on the Bloch sphere.

We have already seen the bit flip channel ®(p) = (1 —p)p +poxpox. We found
the Krauss operators A; = /1 —p, As = 4/po,. Write ®(p) = %(I+s'-a),p =s-0,
then consider @ : s — s’. s is called the spin polarization vector. Substituting
we find (as the reader should check) s” = (sy, (1 — 2p)sy, (1 — 2p)s;) - the Bloch
sphere is deformed into an ellipsoid. Similarly, the reader should verify that
the phase flip channel ¢(p) = po.po + (1 —p)p corresponds to a compression of
the sphere by a factor of (1 — 2p) in the XY plane.

Depolarizing Channel

Dp) =1-pp+ g(cxpax + 0ypoy +0,p0z). Ag = /1 -pog, A1 = \/gax,Az =
\/g(fy,A?, = \/gaz. This is unital: ®(I) = I. Acting on the Bloch sphere,

s > (asy,asy, as;) where @ = 1 - 43—p - the sphere contracts uniformly by this
factor.
An alternative, and more common, formulation, is ®(p) = (1 — q)p + 3.

These are equivalent, because 1 = 1(p + o,pox + 0,poy + 0.po:; so the above is

(1-qp+q5+ %Za:x,y,z 0apoa = (1= 2q)p+ Y 0apoa, ie. § = 1,9 = 2p. This

second form generalizes toa qdit: fordimH = d, p € B(H), D4(p) = (1-q)p+q5-
Generalizing the first form is harder.

As a physical scenario, consider an atom A with two states, a ground state
0 and excited state 1 - a qubit. It is possible for there to be “spontaneous
emission”, where if the atom is in the excited state, with probability p it will
emit a photon and shift to the lower state. We want to write this as a channel -
the Amplitude Damping Channel.

Let |[04) be the ground state of the atom, |14) the excited state. The environ-
ment is the EM field, initially in the vacuum state |0g), and possibly entering a
1-photon state [1E).
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1
The channel is given by: ®(p) = }:12:1 A,-pA}L, where A1 = (O 10_ P) LAy =

(8 \éﬁ) Recall that these A; act only on Hs. The reader should check

A2(04) = 0,A2014) = P04}, A1104) = [04), A1l1a) = /1 -plla), so D(p) =

(Poo +ppn 1-ppm
V1-ppo (1-ppn

The initial state ‘0®|OE><OE| = p00|00><00| + p01|00><01| +p10|10><00| +p11|10><10|
We act by a unitary operator, U(. .. yut; we know U|00) = |00), U|10) = 4/pl01) +

/1 =p[10), which = pgol00){00] + pg1/00)( /{01 + /1 =p01)) + .... D(p) =
tre(...) = pool0Y0] + po1 /1 — plOX1| +.... @ is not unital, Pop(l) # I) (in fact it
. (1+p O
o3 10)

Consider applying this charrel n times in succession. The probability of

transition per unit time is g, so in a time 6t will be p = got. Then the probability

that an excited state does not decay in a time t = ndtis (1 -p)" = (1 - qét)é o0

0
0
normally, ® would add noise to a pure state, increasing S(p) from 0 to some
value ;0. But here, we went from a mixed state with 5(p) > 0 to a pure state
5(p) = 0. Looking at it, we have really lost information in so doing - so S(p) is
not monotonous under CPT maps, and not a good characterization of quantum
information.

e, So d"(p) "= (‘0 00 -5 pu ), and this is a pure state. This is surprising -

Transmission of Classical Information through a Quantum Chan-
nel

The scenario is: Alice wants to transmit some mesage X ~ p, with x € J.
She encodes by x +— py, in general a mixed state, then sends this through
a noiseless quantum channel to Bob, who performs a POVM characterised by
{E,}, obtaining some outcome y. So the outcome variable Y'is a classical random
variable.

The probability of Bob measuring E, is tr(E,p,). If x is the emitted symbol,
the probability that Bob infers x correctly is then P(Y = x | X = x) = tr(E,px).

How much information can B gain about X through his knowledge of Y?
Clearly, H(X : Y). So to get the maximum possible information, Bob chooses a
measurement which maximises this.

Definition: the accessible information I, is the maximum information Bob
can gain through any possible measurement, i.e. maxH(X : Y) where the
maximum is taken over all possible measurements.

We'll find an upper bound on this: the Holero Bound is that Iocc < x({px, px}),
the Holero chi-quantity. L.e. we will show H(X : Y) < x({px, px}) (1). We define
XUpx px}) == S, pxpx) — X PxS(px), and define p := ) p«p.. Notice that we
have equality in (1) if all the p, commute with each other and B performs a
measurement in the simultaneous eigenbasis. Note also that x({px, px}) depends
not only on the average state p, but also on its preparation in terms of p, and
px (aside: S(p) for p = {px, [P )(Wal} = X pxlp )Wl = X Aili){(¢i| depends only
on p, not on the particular choice of decomposition). Write & = {p,, px} and talk
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about x(&). We have x(&) — S(p) if p is an ensemble of pure states, i.e. all the
px are pure. -

Proof of the Holero Bound: We'll use strong subadditivity (SSA): S(ABC) +
S(B) < S(AB) + S(BC). We saw that this implies (1) S(A|BC) < S(A|B) - “con-
ditioning reduces entropy”, (2) S(A : B) < S(A : BC) - “discarding a quantum
system cannot increase mutual information”, and (3) S(A” : B’) < S(A : B) for
pap = (In ® Pp)pap - “quantum operations cannot increase mutual informa-
tion”.

(I) Embed X into a dummy quantum system A, with {|x)}xc; an ONB for Hj4
- this is a “register”. (II) Let Q be the quantum system in whose state p, Alice
encodes x. (II) B is the quantum system representing Bob’s measuring device.
The initial state is wlog |0){0|p, uncorrelated with A.

AQB is now a tripartite system, with state space H4 ® Ho ® Hp. The initial
state pagp = L pulxXxla ® Pxg ® [0){0|g. We can write this as pag ® |0){0s,
uncorrelated.

Bob will perform a measurement. A measurement characterised by M
can be seen as a CPT map if we store the outcome in an ancilla rather than
looking at it: @(p ® [0)(0]) = X« MkpMZ ® |k)(kl. So define: for og a state of Q,
P(og ®10)(0s) = X, YE,00Ey ® lyXyl (one way to write E, = M;My is by
M, = \/E—y). Exercise: the reader may prove this is a CPT map, by writing the
RHSas )., Ay(oq® |O)<O|)A; with ZyA;Ay =1

We have ® : AQB - A’Q'B’; pagp = Zw Ple){x| ® \/E_ypx \/E—y ® lyXyl.

1) S(A : Q) = S(A : OQB), as the reader should check, because pagp =
pao ® [0)0lg. 2) S(A : QB) > S(A’ : Q'B’). 3)S(Alprime : Q'B’) > S(A” : B).
So S(A” : B’) < S(A : Q), and this is the Holero bound - the LHS is H(X : Y)
and the RHS is x({px, px}). (S(A = Q) = S(A) + 5(Q) = 5(AQ); S(A) = H({px})
since pa = Y, [x)Xx], po L pxpx = p 50 S(Q) = s(p), and pag = X pxlx){x| ® px.
S(AQ) = H({p«}) + X PxS(px) (using the third example sheet: if p = Y pip; where
the p; have mutually orthogonal supports, then S(p) = H({pi}) + X, piS(p:)), so
S(A = Q) = H({p:)+5(p) —H({ps}) — X pxS(px) = x({pxpx})- For the LHS, S(A” : B'):
pamo = LpdXal ® JEypeEy ® ly)yl. We want S(A’) + S(B') — S(A'B);
tr(Eypx Ey) = tr(Eypx) = p(y | ), 50 pap = Ly, pxp(y | D)l ® lyXyl =
Zx,y p(x, y)lxy){xy, where |xy) = |x) ® [y). The |xy) form an ONB for Hs ® Hjz,
50 S(A'B) is just HXY). pa = L, plx, )] = X poboal, s = Ty pyly)yl-
So S(A”) = H(X) (= H({p+})), S(B") = H(Y) as required.)

Properties of the x quantity x({px, px}) := S(X pxpx) — L PxS(px):

I) Non-negativity y(&) > 0, by concavity of von Neumann entropy S(_, pxpx) >
2 pS(px)-

IT) We can express it as a relative entropy: x = Y., pxS(p«llp), since S(p«llp) =
tr(pxlog px) — tr(pxlogp) . LepsS(poxllp) = — LipxS(px) — Lapstrpxlogp =
— L PxS(px) — tr((Lx pxpx) 10g p) = = L, pxS(px) — tr(plog p) = S(p = L, pxS(px)

Lindblad-Uhlmann monotonicity: (A) S(P(pl|®(c)) < S(pllo)¥ CPT maps ®;
see the example sheet. So compare (&) with x(&’) where & = {p., ©(px)}.
X(E) = X, p«S(pxllp). (a) implies this is > Y., pxS(P(p)ID(p)) = x(E), i.e. the
Hulero y-quantity cannot increase under any CPT map (recall this was not so
for von Neumann entropy S(p)).

Recall: Alice encodes a classical RV X ~ py, x € | as a quantum state x > py,
which is transmitted to Bob who performs a POVM {E,} and obtains a resulting
RV Y. The maximum amount of information Bob can get is Iocc < x({px, px}). If
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the noiseless channel between Alice and Bob is replaced by a noisy channel @,
this becomes x({px, P(px)}).

Our Q. channel is assumed memoryless ®" = @®". For such a channel,
product state inputs p; ®- - - ® p, remain product states ®(p1)®- - -®@P(p,). What
is the maximum amount of (classical) information that we can send through a
memoryless channel per use of it? (Consider n — oo as before) (Channels with
memory are much harder, and an open research area).

Alice has a set M of classical messages. Say @ is a qubit channel, M €

M- pg\?, M encoded as a state of n qubits. This is sent through the channel,
(n

- o = <1>®”(p§\?). Bob performs a POVM, a collective measurement on n
qubits, characterised by {Eg\?} ¢ Say A has sent M; the probability of an error is

1 —tr(EE\’/? GEG)). Whatis the average probability of an error? Assume the messages
(m) _

are equiprobable, then p,, = |1\1/1_\ Yomem( - tr(E;Z)ag\’}I))). We say information

transmission is reliable if pgf,) — 0asn — oo.

o . . o . logIM
The limiting rate of information transmission is R := lim, Ognl | We say

a rate R is achieveable if there is an encoding/decoding scheme of rate R such

that pgf,) — 0asn — oo. The capacity Cy(P) = sup R.

Recall: For a classical memoryless channel, C = max,, H(X : Y). For a quan-
tum channel, there are various scenarios: is information classical or quantum?
Is the input p a product state or entangled? Is the output measurement on
single qubits or collective?

Holevo-Schumacher-Westmoreland: For classical messages, product state
inputs, and collective measurement, the “product state capacity” CH(®) =
maxp, o, X({px, P(px)}). This is often written as x*(®), and sometimes called the
Holevo capacity.

Additivity, amajor new result from this August: Ceassical(P) =~n-co % X* (0%,

Can the classical capacity of a memoryless Q. channel increase by entangled
inputs? The conjecture is addativity of the x*(®) : x*(®10D;) = x*(D1)+x* (D2).
Exercise (three lines’ worth): x* is superaddative y*(®;®®;) > x* (D7) +x*(D2).
This tells us Cgassical(®) = limy—e0 %n X (D) = x*(P); addativity would give
equality here, which would imply classical capacity cannot be increased by
entangled inputs; it would just be C(®). However, a counterexample to
addativity was recently round at Los Alamos.

The reader should try to prove: HSW implies that every non-constant quan-
tum channel can be used to transmit classical information.

This seems tobe the end of the course.
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