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1 Introduction

We shall be somewhat informal in this lecture, but anything not rigorous will
be revisited later.

Algebraic topology is the study of the “connectivity” properties of topolog-
ical spaces.

Recall that a topological space is a set X with a preferred collection of
subsets, the open sets, such that arbitrary unions of opens sets are open, finite

intersections of open sets are open, and 0, X are open. This gives a notion of
closeness without requiring a notion of distance - points are close if they tend
to be in the same open sets.

A map of spaces f : X — Y is continuous (cts) if f~(U) c X is open for
every U C Y open. We assume the reader knows the meanings of the terms
compact, connected, and Hausdorff.

Recall that X is connected if we cannot write X = U U V for U, V disjoint,
open, and both nonempty. For example R is connected, but IR \ {0} is not (R and
any similar spaces have the usual Euclidean topology unless otherwise stated).

Corollary: Intermediate Value Theorem: if f : R — R is continuous and
f(x) >0, f(y) < 0 then f vanishes somewhere: otherwise f~!(—c0,0) U f~1(0, o)
would disconnect RR.

In this course we will concentrate on “reasonable” spaces; there is a subject,
analytic topology, which works by finding spaces which are counterexamples
to any obvious nice property a topological space should have, but this is a pev-
ersion and will not be discussed here. For reasonable spaces, connectedness is
equivalent to path-connectedness; X is path-connected if Vx, ¥y € X3 a contin-
uous Y : [0,1] = X with y(0) = x,¥(1) = y. An equivalent, but philisophically
important, way to see this, is that every two continuous maps from a point into
X can be continuously deformed into one another.

To generalize this, we consider maps from other spaces into X.

Definition: X is simply connected if any two maps S! — X can be continu-

ously deformed into one another.
Example: IR? is simply connected, but R?\ {0} isnot. Amap y : S' — R?\ {0}
has a winding number deg(y) € Z, which we can define e.g. using complex

analysis as deg(y) = 7 fy £ This is invariant under continuous deformation

of y, and the loop y,, : t > (cos 2nnt, sin 2nnt) = > has deg(y,) = n € Z.
Corollary (Fundamental Theorem of Algebra)



If f(z) = 2" + a1z2" 1 + ... + g, is a non-constant polynomial, then it has a
root: suppose in fact f(z) # 0Yz. Then let yr(t) = f(Re*™) : St — R?\ {0}.
o is a constant map, deg(yp) = 0. Now taking R >> |a1| + - -- + |a,], consider
Yrs(t) = (2" +5(@12" 1 ++ - +4ay,)) |.—gew for 0 < s < 1. The condition on R implies
Yrs(f) € R? \ {0}V¥s,t. The original map yr(t) = yr1(t), so we have deg(yr) =
deg(yo) = 0 but also deg(yr) = deg(yr1) = deg(yro) = det(t > e¥™™) = n, a
contradiction.

Generalizing further, we have: Fact: All maps S" — R"*! can be continu-
ously deformed into one another, but maps S" — R"*! \ {0} have an integer-
valued degree, with the degree of the constant map being 0 and that of the
standard inclusion being 1.

Corollary (Brouwer fixed point theorem): If D" = {x € R" : ||x]| < 1} is the
closed disc, every continuous f : D" — D" has a fixed point, i.e. an x such that

f(x) = x: suppose not (for contradiction). If 0 < R <1, let yg : S""! — §"! be
s Ro—f(Ro) |
defined by v m’

so of degree 0.

this is well defined. By construction, y is constant

Also consider y14(v) = ”z%{(((z;“, for 0 < s < 1. This makes sense, since if

s<1,|v|=1>I|sf(v)l. For 0 <s <1 this is again a continuous family of maps
§"1 — §"1. But now ats = 0 we get v > ¢ i.e. the inclusion 5"~ < R", of
degree 1, a contradiction.

This next is the key definition of the course: Definition: two continuous
maps f,g : X — Y are homotopic if 3 continuous F : X x [0,1] — Y s.t.
F(x,0) = f(x), F(x,1) = g(x). This is a formal way of saying f can be continuously
deformed into g; we write f ~ g.

Definition: Topological spaces X, Y are homotopy equivalent (or htpy equiv-

alent) if there exist continuous maps f : X = ¥,¢g:Y — X such that fo g =
idy, g o f = idx; this is a weakening of the notion of homeomorphism, where
we would require f o g =idy, go f =idx

Example: S""! ~ R" \ {0} (but these spaces are clearly not homeomorphic
e.g. by compactness). Explicitly, take ¢t : $"1 < R" \ {0}, ¢ : R"1\ {0} - S"!:
v ﬁ got=1idgm1,10g=id by (x,t) — tx + (1 —t)ﬁ.

Algebraic topology is the study of the correspondence from topological
spaces up to homotopy equivalence to groups and homomorphisms. As men-
tioned before, we’ll concentrate on “nice” spaces, including manifolds.

Definition: A (topological) manifold is a Hausdorff topological space lo-
cally homeomorphic to IR” for some fixed 7, the dimension of the manifold. For
example, the torus or two-holed torus are 2-manifolds, but the double cone or
pinched torus are not manifolds (since they have special points no neighbour-
hood of which looks like IR"). Manifolds have been something of a 20th century
obsession that the lecturer hasn’t quite grown out of, but they’re also popular
because algebraic topology works well on them - by contrast there is e.g. no
good algebraic topology of fractal sets (most of the invariants from this course
come out as 0 or large infinities). We will want to generalize a bit, e.g. to general
algebraic varieties (manifolds are the same as smooth algebraic varieties over
C.

Finally, something this course is not about: the first attempt to algebraize
spaces. Loops in a space with a fixed (distinguished) base point can be concate-
nated; this defines (with some work) a group structure on the set of homotopy



classes of maps S' — X sending 0 — our distinguished point x. Analagously,
there is a group structure on homotopy classes of maps S* — X, 0 + x. This is
the nth homotopy group, 1,,(X); 71(X) is the fundamental group.

The problem with this that is even e.g. 7,(S?) is not known for all ; in fact
the groups m,(X) are not all know n for any simply-connected manifold (and
calculating them all for S? is probably a good candidate problem for a Fields
medal).

2 (Co)chain Complexes

Recall: our aimisto “algebraise” topology, notions of connectivity, and in partic-
ular the idea of higher-dimensional “holes”. We take a clue from electromagnetism:

if you pass a current through a wire we get a magnetic field 7. Moving a pole
through the field along a path, the work done is fy v -ds.

Fact: If y is closed, this is quantised, and computes a linking number.
Moreover, this is unchanged by deformations: given two paths y1,y, with a
surface X between them, fyl v-als—fy2 v-ds = fz Vxu-dS =0,since VX v =0by
Maxwell. Note that this is better than being unchanged by small deformations;
the surface X need not just be a rectangle, but may be some topologically
interesting surface (e.g. y1, 2 may be the boundaries of small holes in a torus
Y). Thus this is a promising definition.

Analagously, an electric charge generates a field and we measure a flux
across abounding surface. The flux fs e-dsis quantised, and fsl edS— f S,e-dS =
f,V-edV =0.

With the benefit of hindsight, we formulate this as follows: let X c R? be
an open set, and define Q’(X) to be the space of (smooth) maps from X to R for
i=0,3,and from X to R? fori =1,2.

We have (linear) maps of these vector spaces: Q°(X) — Q!(X) by f + Vf,
QI(X) - Q*X) by u— Vxu, and Q*(X) - Q¥X) by vio V-v. The key
observation here is that the composite of any two successive maps vanishes:
VXV=0=V-Vx.

Now, algebraically, we can define: HS,(X) = ker(V), H(X) = ker(vx),HﬁR(X) =

im(V)
ﬁE(VV);)) (note that in this setting V- : > — O is surjective, so there is nothing

more we can sensibly write). These are called the de Rham (the dR distinguish-
ing them from other varieties of cohomology groups) cohomology groups of

X c R3. Think of HQR(X) as “invariants of closed i-dimensional regions of X”,
e.g. fori =1, an element of H}, is (an equivalence class of) vector-valued
functions which could be magnetic fields in X. Given a closed 1D subspace of
X, i.e. just a curve, the invariant we get is the work done by moving a magnetic
pole/charge along the curve in the given field. By Maxwell’s equations, this is
a quite robust invariant.

Example: HgR(X) is the set of locally constant functions on X, so = R* where
k is the number of connected components of X. These H',,, are (for reasonable
X) finite-dimensional, so we should not be scared by the superficial complexity
of introducing the infinite-dimensional )'s.

We associate invariants to topological spaces in two steps: first we map the



space X to a chain complex or cochain complex, then we take the (co) homology
of this complex; it is important to distinguish these steps, because in cases of
confusion or to make definitions we often need to return to the chain/cochain
complex. In a third course in topology (where this is still intended as a first
course), we would avoid the homology entirely and work directly with the
chain complices.

Definition: A chain complex (Cy,d) is a sequence of abelian groups and

) d, dy .
homomorphisms -+ — C, = Cy 25 Cyp — ... such thatd?2 =0, i.e. d,_q 0

d, = 0Vn. The indexing set * may be [a subset of] Z, but we will always take
it to be C IN. We will usually drop the indices on the d;, and refer to all of them
asd.

The homology H(Cy,d) has nth-graded piece H,(Cx) = % ; since

d? = 0 the denominator is a subset of the numerator and so this is well defined.
Elements of ker(d : C, — C,_1) are called (n-)cycles and elements of im(d :
Cpne1 — C,) are called boundaries (the lecturer will avoid the controversial topic
of whether these are #n- or n + 1-boundaries and call them simply boundaries).

Definition: A cochain complex is a collection of abelian groups and homo-

morphisms -+ — C" % €1 % €2 —,  such that d? = 0. Note that for chain

complexes d lowers degree, while for cochain complexes d raises degree. The

cohomology of the complex D(C*,d) has graded pieces H*(C*) = % ;

we have cocycles and coboundaries with the obvious definitions.

Our aim is to associate to X some theories: H,(X) should have H; buildt out
of closed i-dimensional pieces of X, and H*(X) should have H' which associate
numbers to closed i-dimensional regions in X. We want to do this for fairly
general (in particular, not necessarily smooth, so not just subsets of IR®) X; this
means we have to use a rather abstract definition, the downside to which is that
it’s not immediately clear that it actually means this. We shall “build spaces
out of lego”.

Definition: an n-simplex is the convex hull of (1 +1) orderef points in IR", say
Vo, . .., Un, such that the vectors v; — vy are all linearly independent (1 < i < n).
The standard n-simplex A, is defined as {t € R"™" : Y/ t; = 1, > 0}.

Exercise: any n-simplex is canonically the image of A" under a linear home-
omorphism t — Y t;v; from A" to [vg ... v,].

Suppose we have e.g. ¥, a loop going once around a torus. We aim to see y
as a sum of 1D simplices.

Definition: note first that we can orient the edges of a simplex canonically,
since the {v;} are ordered; say v; — v; if i < j. The ith face A™1 ¢ A" is the
image of the subset of A" where t; = 0; we denote the ith face of [vy...v,] by
[0o...7i...v,]; this is an (n — 1) simplex and the orientations of its edges are
consistent with those of the larger simplex.

Definition: the singular chain complex C4(X) of a topological space X has

Cu(X) = {ZL hio; : hy € Z,0; : A\, X are “n-simplices in X”} (i.e. the
free abelian group on the set of continuous maps A, — X). The boundary map

continuous

d is defined on simplices in X and then extended linearly: on o : A" — X,
do = Yilo(=1)0 |50, fOr A" = [vg...0,].



3 Singular (Co)homology

Recall the singular chain complex C, (X, d): C,(X) = {Zﬁl hioj:h; € Z,0; : A" —>
X an n-simplex in X}. d : C,(X) = Cy_1(X)isgivenbyd(o) = Y1y (—1)ic l00..35...00]
for o =[vyg...v,], extended by linearity to C,(X).

Lemma: d> = 0 (ie. dod : C, = Cyp.1 — Cuo = 0 [VYn]): dod(o)
d(Z?:o(—l)lc |[v0...z7,-...v,,]) = Zj<i(_1)l(_1)]a |[v0...z7,-..5,-...v,1] +Zi<j(_1)l(_1)]710 |[v0...v7...
which is 0 by symmetry under exchange of i, j.

Remark: in the first lecture we mentioned that for U C R® open and H},

. . - P > L
“d* = 0” held since partial derivatives commute: 52 afx = ﬁ. This is a local
1 ] ] 1 —

S)

jeOnl”

property of space, rather than the purely formal, global algebraic result we
have here. Almost all results we will cover (essentially, all results that do not
depend on torsion properties) are also provable in the de Rahm setting, some
being harder and some being easier to prove.

Informally, d* = 0 since d takes the boundary of some region made up of
simplices, and boundaries have no boundary; this is “obvious” when using an
informal notion of a boundary.

Similarly, C*(X) the singular cochain complex has nth term C"(X) = Hom(C,(X), Z).

d* : C" — C"! (which we will call just d except for the next few lines) is de-
fined by: ¢ — d*y where d*i(0) := (do), for o a (n + 1)-simplex. Obviously
d* od* =0, since d*d* (o) = d*(Y(do)) = Y(d o do) = ¢Y(0) = 0.

Definition: Hy(X,Z) = H(C,,d) is the singular homology, H*(X,Z) =
H(C*,d*) is the singular cohomology. Z here is called the coefficient ring,
which we shall usually omit when it is Z.

Trivial observation: H,(X), H*(X) are homeomorphism-invariant. Sub-
observation: (Co) homology are functorial under continuous maps of spaces.
If f: X — Yis continuous and ¢ : A" — X is continuous, foo : A" — Y'is
continuous so f induces a group homomorphism f, : C,(X) — Cu(Y). Note
dfi = fud; the reader should think through why this is manifest.

This note implies f induces a map fx : Hi(X) — Hy(Y) i.e. maps Hy(X) —
H,(Y)Vn. To see this, note: dfy, = fid. Let ¢ = Y ;hio; € ker(d : C,(X) —
Cn-1(X)), i.e. ¢ is a representative of a class in H,(X). Then we want to
write “[f (V)] = [X;hi(f o 0:)] € Hy(Y)”, but to make this definition we need
that ) hi(f o o) is a cycle (i.e. € ker(d : Cu(Y) = Cya(Y)). dQ hi(f o 0y)) =
d(z hif*((fi)) = Z hi(df*(]i) = Z hi(f*d)(] = f*(d(z I’li(fi)) =0 as dlp =0, ie.
fx maps cycles to cycles; by the same argument it also maps boundaries to
boundaries. So if we change the representative of a Hy-classin X, [{] — [¢+da],
then [ fx 1] is unchanged in H, (Y).

Corollary: if f : X — Y is continuous then it induces a homomorphism f, :
H,(X) = H.(Y). Analagously, f induces a pullback map f* : H*(Y) —» H*(X)
(note the direction of this).

Lemma: For f : X = Y,g: Y > Z,(g0 f)x =g« © fx, (g0 f)* = f* 0 g*, and
moreover id : X — X induces identity on the homotopic and cohomology; the
proofs of these are straightforward. So we have functoriality.

This lemma implies our above “observation”: if x = Y, say f : X — Y, g :

Y — X are such that f o g = idy, g o f = idx, then consider H,(X) £> H,(Y) i
Hy(X) LY H, (Y); the maps between the first and third and second and fourth




terms are identities, so we have H,(X) = H,(Y) via fu, gx-

Caveat: there is a natural map H"(X) — Hom(H,(X), Z), as seen in the first
example sheet for this course, but this is not in general an isomorphism (and in
some sense “the world would be a lot less interesting” if it were).

First computations:

1. Hu(pt) = Z for x = 0, 0 otherwise: consider the chain groups Ci(X); these
are free abelian on the spaces of continuous maps A¥ — X, but there is only one
such map, so Cx(X) = ZVk. The chain complexisthen Z — Z — --- — Z —0.
The map d : C;y — Cy_; is multiplication by the signed number of faces of A¥,
which we can see by looking alternates between being 1 and 0 (e.g. d(A!) =
1-1=0,dA%) =1+1-1 =1 since the edge [vov7] is taken in the negative
direction. So the maps always have image either 0 or all space, and the H;(pt)
[other than Hy] are 3= where each time either ker = {0} or im = all space, so
we have the result Unfortunately, this is the only connected space for which we
can compute all the H,s.

2. Ho(X) = z#path-components, note first that if X is a union of different path-
components, X = [J, X,, the entire singular chain complex breaks up into
pieces indexed by a, Cu(X,d) = P, Cu(Xa,d) = Hu(X) = P, Hu(Xa). So we
really only need that Hy(X) = Z if X is path-connected. Define ¢ : Co(X) — Z
by Y, hioi > ¥ hi;, where o; : {pt} — X. Note (if X # 0; we shall generally omit
such caveats) this is surjective Co(X) — Z. For any 1-simplex 7, 7 : [0y, v1] = X,
dt = v; —vg lies in ker ¢. Soim(d : C; — Co) C ker ¢. If ) njo; € ker ¢, then we
claim }’ n;0; € im(d); if we have this, then ¢ : Hy(X) — Z descends to homology
and we are done.

For each i, choose 7; linking ¢; to a base point p € X. Now d(} n;1;) =
Y. nio; — Y, n;jp, which =}’ n;o; since ) n; = 0. So we're done.

4 First Computations

Recall that we saw from the definition H,(pt) = Z if x = 0, 0 otherwise, and
Ho(X) = z*pathcomponents To make it possible to effectively compute homology
in general, we need further tools, including predominently the following two
theorems:

Recall we know that H, is functorial: f : X — Y = fi : Hi(X) = H.(Y)
preserving degree.

Theorem (Homotopy Invariance)

If f,g: X = Y with f = ¢ homotopic, then fi = g« : Hi(X) = Hi(Y), and
similarly f* = ¢g* : H*(Y) —» H*(X) (so if X = Y are homotopic spaces then
H,(X) = Hio(Y),H*(X) = H*(Y)). The proof of this is similar to that for our
earlier result about isomorphic spaces.

Definition: Anexact sequence isa chain complex with vanishing (co)homology

groups, i.e. a sequence of abelian groups and homomorphisms --- — A, LN
A g Ap—p — ... such that ker(d,—1) = im(d,) (for a chain complex, where

we only require d> = 0, we have the same definition with a “c” in place of this

“"__r

last “="). Then Mayer-Vietoris lets us cut up spaces:



Theorem (Mayer-Vietoris)

Suppose X = AU B is a union of two open sets. Then there is an exact sequence
- H(X) ™ Hi(AnB) 3 Hiy(A)@Hia(B) "3 Hia(X) ™S Hia(ANB) —
..., where the maps are as follows: in : ANB > A,ip: ANB <> B,ja: A=
X, jp : B = X are the obvious inclusions, and the remaining Mayer-Vietoris
boundary map H;(X) — H;-1(A N B) has the following interpretation: take an
i-cycle in X and write it as the union of a chain (with boundary) in A and a
chain in B, with cancelling boundaries in A N B. Then dyy takes this common
boundary. For example, suppose we have a double-holed torus with A and B
each being a punctured torus, and y a loop passing through both holes; we can
write this as the sum of two half-loops with two points as the boundary of each,
one in A and one in B; then dyv () is these two points, considered as a 0-cycle
inANB.

Moreover, the Mayer-Vietoris sequence is natural: if f : X = AUB —
Y = A’ UB and f(A) c A’, f(B) C B’ then there is an induced map of Mayer-
Vietoris sequences f, : Hi(X) — Hi(Y), fx : Ha(ANB) = Hi1(A’,NB’), f« :
H;i1(A) ® Hi-1(B) — Hi-1(A’) ® H;_1(B’), ..., where all the squares commute
(E.g. fx odmv = dmv © fx). .

Remark: Note that in H* the analagous boundary map is d,, : H(ANB) —
Hi+1( X).

We shall use these two theorems for a bit before proving them.

Example: The circle S' = [ UT can be written as a union of two intervals
A = I, B = I meeting in two [disjoint] intervals. By homotopy equivalence, may
consider A = % [a point], B = x,AN B = x IL *. The Mayer-Vietoris sequence
reads Hi(A N B) — Hi(A) @ Hi(X) — Hi(S') = Ho(A N B) = Hy(A) ® Hy(B) —

Hy(SY); thisis 0 —» 0@ 0 = Hy(SY) %707t 7207 - 7. The last map
here is (4,v) = u —v) and B is given by (a,b) — (a + b,a + b) (by considering
their “geometric” definitions). Now exactness tells us ker ¢ = ima = 0, i.e. ¢ is
injective. Im¢ = ker § = Z spanned by (1, -1), so H1(S!) = Z.

Example: Spheres: H,(S",Z) = Z for x = 0,n, 0 otherwise (Considering
n > 0, since S° is two points). We induct on 1, and have just done n = 1:
Vn > 2, 5" = A U B the union of two overlapping open hemispheres. A, B are
contractible, i.e. homotopic to points A =~ *,B ~ x and ANB =~ §"!. Then in the
Mayer-Vietoris sequence H;(S"™') — H;(x) ® H;(x) = Hi(S") — Hi-1(S"1) —
Hi 1(*)®H; 1(*)—> ....Ifi—1>0wesee 0 — H;(S") — H;_1(S"1); the result
thatif we have 0 —» P — Q — O exact then P = Q is left as an exercise. This tells
us that Hi(S") = Hi_1(S"1)Vi > 1. If i = 1 we have 0 — H;(S") — Ho(S"!) 5
Ho(x) ® Ho(*) as a piece of the Mayer-Vietoris sequence, but as before the map
[which I have labelled r] is a + (a,a) so injective, so H1(S") = 0.

Corollary: If R" = R" thenm = n: if ¢ : R" — IR" isahomeomorphism, then
¢ must map R" \ {0} - R" \ ¢(0) homeomorphicly. But these are S"~! and 5"
respectively, so we have ¢, : Hx(IR"\0) = H,(S"1) = H,(R"\p(0)) = H.(S*7),
but the two sides are equal iff m = n.

Remark: There are continuous maps from I = [0, 1] to [0, 1] x [0, 1] which are
surjective (the “space-filling curves”), so this result was not quite as obvious as
it might initially appear.

Remark: if f : S* — S"is any map, itinduces fi : H,(S") = Z — H,(S5") = Z,
which must be multiplication by some integer, which is the degree deg(f). Note



that the degree of the identity is 1, while the degree of the constant map is 0 since
we can factorize a constant map S* — 5" as S" — pt < 5", so our induced map
is H,(S") — H,(pt) = 0 — H,(5"). This rigorises our account of the Brouwer
fixed point theorem in the first lecture.

Example: The Klein bottle K has Hx(K,Z) = Z for x = 0, Z + % if x =1,
and 0 if x > 2. Some of the essential information here is torsion, i.e. of shape
% for some p # 0. This would be invisible if we took our coefficients from R
rather than Z (as is done in the de Rahm case).

Proof: K is the quotient space of the square with opposite pairs of edges
identified, the sides in the same direction, the top and bottom edges in opposite
direction. Cut this via letting A be a “strip” down the middle of the square, B the
strips down the left and right sides (which is a connected space because of the
identification). We see K = A U B where A, B are Mdbius strips, and AN B = st

In the Mayer-Vietoris sequence we see 0 — Hy(AUB) — Hi(ANB) =Z AR
Hi(A)®Hi(B) = Z&Z — H1(AUB) — Hyo(ANB) = Hy(A) ® Hy(B) and this last
map is injective. We almost (but not quite) know enough; once we know the
map ¢ we can determine everything else. We claim ¢ is given by 1 — (2,2),
because A N B is the boundary of each Mobius band A, B, but A, B are generated
by the equatorial circles of the bands [which the bands retract onto]. So (easily

by algebra) 1 is injective so H»(K) = 0, ¢ is surjective so H(K) = % =Zo%.

5 Degree

Recall that f : S — S¥ induces a map fi : Hi(S¥) = Z — Hy(S¥) = Z; this must
be multiplication by some integer deg(f) or d(f) € Z.

Properties: d(f o g) = d(f)d(g), d(id) = 1,d(constant) = 0. Indeed, if f : S* —
Sk is not surjective then it has degree 0, since in that case f factorizes as a map
Sk — Rk — Sk,

Lemma: Let G € O(n + 1), the group of orthogonal (1 + 1) X (1 + 1) matrices.
Then G acts on 5" and hence on H,(S", Z), and acts with degree det(G). (Note
that if G ¢ O(n + 1), i.e. G is a non-orthogonal matrix, it is not obvious that it
acts on S"). O(n + 1) has two connected components distinguished by det = +1.
So by homotopy invariance of degree, it suffices to see that reflection in a
hyperplane H has degree -1.

Divide S" into two hemispheres each preserved by the reflection - i.e. by

a hyperplane H’ orthogonal to H. Pieces of the relevant Mayer-Vietoris se-
quences give a square: we have 0 — H,(S") ay H, (5" - 0and 0 —

H,(5") Ay H,-1(S"') — 0, with maps reflection in H from H,(S") — H(S")
and reflection in H'NH from H,,_1(S"!) to H,,-1(S""!). We used when stating the
Mayer-Vietoris theorem that the Mayer-Vietoris maps are natural, so this does
commute. The dyy maps are isomorphisms (indeed, the same isomorphism),
so we reduce to the case n = 1 (the two reflections” induced maps must always
be either both +1 or both -1).

For the circle, St, we computed H, (S1) using Mayer-Vietoris: split the circle
into segments A, B with intersection two points p, g, then sequence is 0 —

Hi(SY) — Ho(p L q) — Ho(A) ® Hy(B) — ..., with the map Hy(p L q) 4
Hy(A)®Hy(B) which areisomorphictoZ <p > @Z < q >— Z < pt > ®Z < pt >



being given by (1,0) — (u + v,u + v). We saw H;(S!) = Z by exactness, and
explicitly Hy(S') = ker(¢) = Z < (1,-1) >C $* = Hy(p L q). Reflection in the
line H perpendicular to pg swaps p and g, so it acts on Z? by (1,0) = (v, 1), s0
it maps on Z < 1,-1 > by multiplication by -1. Note that we have not been
“clever” in our choice of the orientation of H relative to p and g; reflection in H
must preserve the Mayer-Vietoris decomposition, so this was the only possible
choice.

Corollary: The antipodal map on S" has degree (—1)"*?, as it’s a composite
of n + 1 reflections.

Corollary: The sphere 5" has a nowhere zero vector field if and only if # is
odd (Definition: a vector field on a smooth manifold is an assignment p — X,
of a tangent vector X, € T,M for each p € M, i.e. it’s an infinitesimal flow.
Explicitly on §" c R™!, a vector field is an assignment v : $" — R"*! such that
(x,v(x)) = OVx (under the usual inner product ¢, ))).

Ifn = 2k-1 Odd, take (X1, Yiyeeor Xks yk) S 52k71 C ]RZk | (—yl,xl, —Y2,%X2,- -, Yk, Xk)
and this is a nowhere zero vector field.

Now suppose we have a nowhere zero vector field v. Take wlog v(x) always
oflength1,byv ﬁ Consider the family of maps v; : x + (cos t)x+(sint)v(x);
observe that V¢, x,[vi(x)| = 1, since (x,v(x)) = O (orthogonality). Att = 0,
v =1id, and at t = w, v; = —id, i.e. id ~ —id, the antipodal map on S". So
deg(id) = 1 = deg(antipodal) = (—1)"*!, and 7 is odd.

Special case: the “hairy ball theorem”: “you can’t comb a dog flat”.

The antipodal map has no fixed points.

Lemma: if f : S" — S" has no fixed points, f = the antipodal map. The only
possible way we can use the fact that f has no fixed points in a proof is to divide
by something that we could not otherwise do because it might be 0, so we’ll do
that; we shall actually prove something slightly stronger: if f(x) # g(x)Vx, for
f,g:5"— 5" then f ~ a0 gwherea: S" — §" is the antipodal map. Consider

a
the maps x ”gg;l—ggg” for x €5",0<t<1. Note thatif tf(x) = (1 —t)g(x),

taking thenorm t =1 -t = 2 so then f(x) = g(x), a contradiction; thus this is
valid. Att = 0thismapisao gandatt =1itis f, so we have the result.

Corollary: if the group G acts freely on S*, then G < £.

Remark: $%71 c C* is preserved by multiplication by ¢, so S*~! has a free
action of £ for every m > 2.

Proof: If f : S" — S" has no fixed point, then f = the antipodal map, so f
has degree (—1)"*!. But if G acts on S", deg : G — % has all nontrivial elemnts
going to —1, so ker(deg) = {e}, but deg is a homomorphism so G < £.

Note that Mayer-Vietoris can be used to compute a number of other things,
which we will need to use but only have time to summarize here: Hy(Z;) = Z
if x =0, Z% for x =1, Z for * = 2 and 0 otherwise (X4 is the surface of genus
8)-

Think about X VY = (Xh? where each * is a single base-point, and M;#M,:
for My, M, n-manifolds, we cut out balls from each and glue the boundaries.
We have T?#T2 = ¥, etc.

Observe that every map of (closed) oriented surfaces has a degree, since the
only thing we needed for the existence of degrees was that the “top” homology
group was Z, e.g. this is true for maps T? — S%.s

Example: Let S! 1 S! c IR® be a link of two circles, i.e. an embedding of
two disjoint circles into IR®; they may be distinct, looped around each other



like two links in a chain, or in some more complicated arrangement. Define
¢ : T> - S?%, the Gauss map of the link, by (x,y) € S' X S! - Hyai%g\l Definition:
deg(¢) = 1k(Ly1, L — 2) is the linking number of the two components.

Note: If Ik(L1, L) # 0, you can’t separate the two links spatially - to be more
precise, no embedded S$? in R3 separates the two components. Otherwise,
deform this by moving one of the two loops away to infinity: ¢ is clearly not
onto (since only a small portion of the sphere is available as directions between

the two widely separated loops), so ¢ is of degree 0.

6 Local Degree

Intuitively, H,(S") = Z and H,(oriented surface) = Z because “there’s a unique
closed top-dimensional lump” to these spaces. E.g. for S*> H, = Z, but for
S2v §% Hy, = Z & Z, since the two spheres only meet in a point so there are two
two-dimensional lumps. Hz(%), the sphere where we identify two points (so
it looks like the pinched torus), = Z. For an “open” surface e.g. a surface of
genus 3 with a disc cut out, H, = 0 - there is no single lump.

The degree deg(f) measures how many times the domain “wraps onto” the
range.

For example, consider the map S — T? obtained by projecting down and
up onto a flat disc, then taking a homeomorphism from this to the square and
identifying the edges appropriately to make it a torus. This has degree 0, since
it factors through the disc and H»(disc) = 0. Now consider the inverse image of
a general point p on the torus; it will be a single point in the square (of course
some points in the torus have preimage two points on the boundary of the
square, but we are considering a general point), so a single point in the disc, so
two points p*,p~ on the sphere.

Locally near p*,p~, the maps S*> — T? is a homeomorphism, and these two
homeomorphisms differ by reflection in the equator. So, informally, one of these
has degree 1, the other degree -1, and these add together to give the overall
degree 0.

Example: S' — S!' z > zF has degree k: H;(S') = Z, a generating 1-cycle
is a sum of k simplicies each going #* around the circle. Under the map, each
of these 1-simplices maps to a 1-simplex which is now a cycle, and represents
the generator of H1(S'). So fx : Hi(S') = Z — Z is multiplication by k. Again
consider the inverse image of a general point p, which is k points p;. The map
near each p; is again a homeomorphism, but this time the different such local
homeomorphisms differ by rotations of the domain - thus the k 1s add together
to give the total degree k.s

Remark: If f : X — Y is a smooth map of closed smooth manifolds,
Sard’s Theorem says that for a dense set of regular values y € Y, f1(y) =
{x1,...,xx} is finite, and there are neighbourhoods U; 3 x;,V > y such that
f lu: Ui = V is a diffeomorphism.
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Algebraic Digression

An exactsequence 0 > A — B — C — 0is called a short exact sequence. A SES

0 0 0
! l l
- An+1 - An - An—l -
la la la
of chaincomplexesisadiagram: ... — B,q4 — B, — B,1 —
1B LB LB
- Cn+1 i Cn i Cn—l -
! l l
0 0 0

The rows are chain complexes, with d> = 0 but not necessarily exact. The
columns are all SES: ima = ker f always. Note that f is always surjective and a
always injective. When we draw a diagram like this in this course, it is implicit
that it commutes, unless otherwise stated.

Proposition: The SES of chain complexes defines or gives rise to an associ-
ated long exact sequence in homology: 0 = A, — By — Cx — 0 = Hi(Ay) —

Hy(B+) = Hi(Cx) > Hia(As) ~ Hia(B2) = Hia(Ca)  Hica(Ay) = ... The
unlabelled maps are those naturally induced from the maps A, — Bx — Ci
(there are maps on homology since all the squares in the diagram commute).
To define the connecting homomorphism d : Hy(Cx) — Hi-1(A4): pick a cycle

o € Ci representing a homology class [0] € Hi(Cy). There is b € By such that
B(b) = 0. Note (db) = d(Bb) = d(o) = 0 since ¢ is a cycle, so db € ker f = ima. So
thereisa € Ay_1 such thata(a) = db. Note da = 0since a(da) = d(a(a)) = d(db) =0
since d?> = 0, and « is injective. So a is itself a cycle and defines [a] € Hy_1(Ax);
define d[o] = [a]. Warning: we have made choices to get from one to another:
we chose a representing cycle o, and we chose b. So to prove this we need to
check (as on the first example sheet for the course) i) d is well defined ii) d is
linear and a homomorphism iii) the resulting sequence of groups really is exact.

Examples: 1. If A ¢ X is a subspace, C4(A) — Ci(X) is the inclusion of
singular chains from A to X. This is valid since if 0 : A" — X lies in A, then

all the faces of g liein A, so d : C4(X) — Cyu-1(X) preserves C(A) = Cy_1(A).

We get “for free” an induced d on the quotient, so define C,(X,A) = g:g;,

we getd : Cy(X,A) = Cu1(X, A) from d on Cy(X). 0 = Cyu(A) — Cu(X) —
Cx(X,A) — 0is a SES of chain complexes; the associated LES Hy(A) — Hk(X) —
Hi(X,A) = Hi-1(A) — Hy1(X) — ... is called the “LES of the pair”. A cycle
for Cx(X, A) is a chain in X all of whose boundary lies in A; the boundary map
d : Hi(X, A) — Hi—1(A) just takes the boundary of such a “relative cycle”.

2. Let U = {Uj}ier be an open cover of a space X. Let Cu(X, U) be the
subcomplex of C,(X) comprising sums of simplices each of which lies in some
setin U, i.e. {}:fil n;oi}, where each g; : A" — X has imo; € U,,, and n; € Z.
Again, d : C4(X) = Cu(X) preserves C« (X, U).

Theorem: Ci(X, U) — Ci(X) induces an isomorphism on homology, i.e.
H(C«(X, U)) = Hy(X).

Corollary (Mayer-Vietoris): If X = AU B, U = {A, B}, then we have a SES

0 > Co(ANB) - CL(ANB) » Ci(A) ® Cx(B) LA Cu(X, U) — 0, where the
two nontrivial maps are respectively ¢ = (o,0) and (4,v) = u —v. Ci(X, U)
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is defined to make f§ surjective. So we have a LES in homology, Hy(A N B) —
Hi(A) @ Hi(B) - Hi(X, U) = H(X) - H-1(ANB) — ...

Corollary (Excision): If Z,A C X, cl(Z) C int(A), then Hy (X, A) = Hu (X \
Z,A\Z)-"you can excise Z”. For the intuition, note that at the level of spaces %

and % are the same. For the proof, if B = X\ Z then X = AUB and the theorem

says C”C(’I’;i)B) = ng(j((A(l)n — % induces isomorphism on homology; we do need
the method of proof of the above theorem rather than just the theorem itself to
know that passing to the quotient is ok. Both these quotients are free groups in
the set of simplices in B not wholly lying in A. H.(X, A) = H.(B, AN B).

Go back to amap f : S" — S". Suppose f1(y) = {x1,...,x} and f: U; >
x; = V 3 y. Excision lets us relate H, (5", 5" \ x;) = H,(U;, U; \ x;), excising
5™\ U; whose closure does lie in 5" \ x;. (TBC)

7 Axioms

Recall we are discussing local degree. Given f : " — S” (or more generally a
map of manifolds) and given f~!(y) = {xy,...,x}, we aim to find deg(f) from
the geometry near the x;s.

We’ve added to our arsenal of results, the Excision Theorem: if A ¢ X, Cl(z) C
int(A) then inclusion (X \ Z, A\ Z) — (X, A) induces an isomorphism H, (X \
Z,A\7) = H, (X, A) (recall H, (X, A) = H( g:g;) and cycles measure “lumps of
X with boundary in A”).

Example: If M is a manifold and x € M has a neighbourhood U = R", U > x,
we can excise all of M\ U to give H, (M, M\x) = H,(M\(M\U), (M\x)\(M\U)) =
Ho (U U\ x).

The LES for relative homology (X, A) is Hi(A) — Hi(X) — Hi(X A) A

Hi-1(A) > ...; in particular, Hi(U \ x) = Hi(U) = 0 — Hi(U, U\ x) > Hi_y (U \
x) — H;_1(U) = 0 where the groups labelled = 0 are usually =0 because U =
R" = %. So d becomes an isomorphism and H,(U, U\ x) = Z for * = n, 0
otherwise.

Given f : S" — §", f’l(y) = {x1,...,x¢}, suppose U; 3 x;,V 3 y such
that f : U; — V has x; = y. Choose the U; disjoint, so f induces [maps]
U;, Ui\ x;) = (V,V\y) and hence H,(U;, U;\ x;) = Z — H,(V, V\y) = Z, which
will be multiplication by the local degree of f, deg, ().

Note we can also use excision to identify H,(S", "\ U x;) = @ H,(U;, U;\ x;)
by excising S" \ U; U,.

s Ho(Up,Ui\x)  —  Hu(V,V\y)

l !
Consider thediagram H,(S",S" \x;) « H,(S",S"\Uxi) — Hu(S", 5"\ y)
T T
N H(5") —  Hu(S")

The lower arrow in the middle column is the obvious inclusion; the upper
one is inclusion as a summand, since the group in the middle is isomorphic to a
direct sum of groups. The bottom horizontal map is induced from f i.e. is deg f;
the top horizontal map is deg, f, and we'll call the middle rightwards-pointing

map f. The top left diagonal map and the downward map in the top right
are isomorphisms by excision; the bottom left diagonal map and the upward
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iso

map in the bottom right are isomorphisms by the LES H,, (5" \ v) — H,(5") =
H, (8", 5"\ y) = Hym1(S" \ y) = H,-1(R") = 0 = H,—1(S"). The triangle is the
bottom left commutes, so the upwards injection at the bottom of the middle
column is actually the diagonal inclusion Z — Z*i 1+ (1,1,...,1). deg f is
defined as f«(1) for 1 € H,(S"); by commutativity this is f,,(l, 1,...,1), which
=), f:,(O, 0,...,0,1,0,...,0) where the 1 is in the ith place. We can lift this up to
the top row as }; deg, (f) by the definition of local degree and commutativity
of the top right square.

Example: Note that if f |, is a homeomorphism it has local degree +1
(with the sign depending on orientation, a subject to which we shall return).
Consider C — C: let p be a complex polynomial (in one variable) which extends
toamapp: S = CU {oo} — S2. The degree of p really is the same as the degree
of p: if p(z) = z5 + @121 + -+ + az, this is homotopic as a map S* — S? to
¢z 5 ¢71(1) is a set of kth roots of unity; near a root of unity ¢ is locally a
homeomorphism (by the open mapping theorem) so say it is of degree +1 at 1.
Then it is of the same degree locally at other roots, since the local maps differ
by global rotations of $* (which are of degree 1).

Warning: The map z — az + 1 as a varies from 1 to 0 is continuous as a
family of polynomials, but not as a family of maps S> — S%: S x [0,1] — S?
(z,a) ¥ az + 1 is not continuous at (oo, 0).

The theory as developed so far has the following features: Given (X, A), A C
X, we associate to it a family of groups {H«(X, A)}xez and these satisfy: there
is a LES Hi(A) — Hi(X) —» Hi(X,A) — H;-1(A) — ..., we have functoriality
f (X, A) = (Y, B) induces fi : Hi(X, A) — H,(Y, B), homotopy invariance: if
f = g through maps of pairs then f, = g : Hi(X,A) — H. (Y, B). Excision:
if cl(Z) c int(A), H.(X, A) & H,(X\ Z A\ Z), and unions: H,(lL, X,) =
D, Hu(Xa).

Remark: In fact, these imply that the Mayer-Vietoris sequence holds.

An assignment (X,A) — h.(X,A) of pairs of spaces to graded abelian
groups (1, (X) is shorthand for h, (X, 0)) which satisfies these axioms is called a
generalized homology theory

Roughly, any generalized homology theory that arises as the homology
groups of a chain complex is our theory (tensored with something).

Example: in the first example sheet we saw the notion of the suspension
of a space LX. In the first lecture, we briefly mentioned the existence of m;(X),
defined as homotopy classes of maps (S’, x) — (X, x). Fact: there are natural
maps 1;(X) — 7i11(ZX) > mi2(E2X) — ... which eventually become isomor-
phisms. The limit lim,, 0 774,(Z"X) = 75'(X), the stable homotopy group, is

a generalized homology theory. There is a million dollar prize available for
computing the stable homotopy groups of a point.

Definition: A cell complex is a space X built by: Xj is a finite set, X; =
UoUDIUD)U---UD} where D! is a 1-disk (i.e. [0,1]) attached to X, by a
map dD; — X, and more generally X = X;_; UDX U --- U D, where D¥ is the
closed k-disk and attached by a map 8Df — Xi—1. Then X = |J; Xy with the
weak topology. X is called the k-skeleton; the D' are i-cells.

. . Xg-q LDK 11Dk . .
Remarks: 1. Xj is a quotient space, Xy = ————=* where ~ identifies

each p € dD* with its image in X—; 2. The weak topology is that U C X is open

13



if U N X is open in X Vk.

Examples: S" is a point union an n-cell: X, is a point, Xj is a point Yk < n,
and X, = §" = ptU DJ. T? has a cell structure with one 0-cell, a corner of the
square it is a quotient of, 2 1-cells, the two edges of the square, and one 2-cell,
the face of the square.

Theorem (seen on the second example sheet): if /14, k, are GHTs defined on
pairs (X, A) with X a cell complex and A C X a subcomplex, then if 1, (pt)
k4 (pt), any natural transformation /1, — k4 induces an isomorphism /,(X, A) =
k«(X, A) for all (X, A). Informally, this means the theory is completely defined
by the groups of a single point. The proof of this result requires all our axioms
but nothing more, hence why we choose that set of axioms.

IR

8 Homotopy Invariance

Homology and cohomology are useful since they are insensitive to “inessential”
deformations of maps and spaces. Recall spaces X, Y are homotopy equivalent
X=2Yifdf: X - Y,g:Y — Xsuchthat fog =~ idy,go f = idx; recall
further that p,q : X — Y are homotopic p =~ g if IF : X X [0,1] — Y with
F(x,0) = p(x), F(x,1) = g(x)Vx € X.

Theorem: If f ~ ¢: X — Y then fi = gx : Hy(X) = H,(Y) (and by a minor
variation of the proof, f* = ¢* : H*(Y) = H*(X).

The algebraic way to show two maps of chain complexes coincide is to
introduce an algebraic version of homotopy.

Definition: Given chain complexes A, B« and maps ¢, i of these chain com-
plexes (these are chain maps, d¢ = ¢d, Yd = dy), then ¢, 1 are chain homotopic
if AP : A,-1 — B, (Vn) such that ¢ — ) = JP = PJ.

Lemma: chain homotopic chain maps induce the same maps on homology:
if 0 is a cycle, say ¢ € ker(d : A, = Au_1), po — o = (JP £ Pd)o = Jd(Po) is a
boundary, so [¢(0)] = [{(0)] as elements of H(B,).

Proof of the homotopy invariance theorem: given f,¢g: X — Y, f S g
letip : X — X X I be the map x = (x,0), i1 : X < XXIx (x,1). Then
f=Foiy= fu =Fyxo0(in)s,§ =Foi; = g« = Fyx 0 (i1)x, so it suffices to prove
(io)« = (i1)«, thus it is sufficient to show (ip), and (i1)« are chain homotopic.

Our key ingredient for seeing this is a certain universal decomposition of
A" % [0,1] into (n + 1)-simplices A"*!. (This is an important technique - for this
theorem “anything will work”, we just need some way to decompose, because
the result is one which is very true, but when proving excision we will need to
carefully choose a decomposition with certain properties).

We cut A" x [0, 1] into the (n + 1)-simplices [v...v;w;...w,] for 0 < i < n.
Claim: these are (1 + 1)-simplices and they exactly fill A" x [0, 1]: let ¢; : A" —
[0,1] be given by (to,...,ts) ¥ tig1 + -+ t,. Observe 0 = ¢, < Pyq < --- <
¢o < ¢p_1 = 1. The vertices v, ...,v;, Wit1,..., Wy, all lie on the graph (i.e. plot)
of ¢;, and w; does not lie on this graph. The graphs of the ¢; are copies of A"
in A" x [0, 1] which project homeomorphicly to [v...v,]. The region between
two successive such graphs is exactly one of the [vg ... vw; ... w,], and since w;
is not in the graph of ¢, the linear independence condition holds and we have
our claim.
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Define a prism operator P : C,(X) — Cys1(X X [0,1]) by 0 > Y1 o(—-1)/(0 X
1) lpop..viwiav,, foro t A" = X oo X1 : A" X — X X1

Claim: dPo + Pdo = ip40 — i140j i.e. P defines our chain homotopy. This is
just the fact that the boundary of the prism minus the prism of the boundary
is the bottom minus the top; explicitly, dPo = }.;<;(=1)'(=1)0 X 1 |, 5. .omw..q0,]

+ iji(_l)l(_l)]+1a x1 |[vo...v,zu,...ﬁj...zun]' This is Zi>j(_1)l(_l)]a x1 |[vg...@...v;zu,...zu,1]
+ Zi<j(_1)l(_l)]+1a x1 |[U()‘.‘ZJ,‘ZU,“.‘@].‘.ZU,,] +ox1 |[{J\(]ZU(].‘.ZU,,] —oXx1 |[vg.‘.v,,fu,,]r' the reader
should check and convince himselves that the first two terms are —P(do), while
the third is the top and the fourth the bottom, so we are done; P is a chain
homotopy between (i) and (i1)«. (In many ways this proof is simply practice
for the far more painful matter of proving excision).

The following result is proved using homotopy theory, but the proof will
not be given in this course:

Whitehead Theorem: Let X,Y be simply connected cell complexes (recall
a simply connected space X has m1(X,x) = 0, or equivalently every continu-

ous map S! — X extends to a map D? — X). Suppose f : X — Y induces
fx t Ho(X, Z) > H,(Y,Z) which is an isomorphism. Then f is a homotopy
equivalence X = Y.

Warning: This does not mean that if we have H,(X) =~ H,(Y) for simply

connected cell complexes X, Y then X =~ Y, because the isomorphism may not
be induced by any map f.

Remark: Let X = {M} C C° be the given affine surface; then X ~ pt
but X  C?; indeed X N S° for S° a large sphere in C° gives a 3-manifold which
is not S3; it is not even simply connected. So detecting homotopy equivalence
is “not the be all and end all”.

In the next few lectures, we shall cover the unpleasant matter of prooving
the excision theorem. This is not something the reader will ever be asked to
reproduce in an examination, but the lecturer feels compelled to provide a proof
as a matter of honesty.

9 Excision

Theorem (Excision): If Z ¢ A c X,cl(Z) C int(A), then H, (X, A) imdusion
H,(X\ Z, A\ Z). The key, as with homotopy invariance, will be a method for
dividing simplices. We saw that excision follows from:

Theorem: If X is a space and U = {U,}qer is a cover of X by sets whose
interiors cover X, then Cu(X, U) — C,(X) is an isomorphism on homology.
Recall C,(X, U) = (Y.  ai0; : a; € Z,0; : A" — X,im(0;) C U, some a(i) € I}.

Strategy of proof: we have 1 : Cu(X,U) — Ci(X). We will construct
p : Cu(X) = Ciu(X, U) (these are both chain maps d: = 1d, dp = pd) and construct
D : Cy(X) = Cur1(X) such that (A) dD + Dd = 1 —1p and (B) pt = id. Then
(A) implies 1, py is the identity on homology, (B) implies p.t4 is the identity on
homology, and together these imply ¢, : H(Cx (X, U)) 5 H(C« (X)) = H(X) is an
isomorphism as required.

Construction of D, step i: Divide A" into smaller n-simplices by a chain map
0 5(0), dS = Sd. Our S is barycentric subdivision: the barycentre of the

simplex A" is the point #(1, 1,...,1), the “centre of mass”. Let S(A") be the
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union of [bwy ...w,_1] where [wy...w,_1] lies in some subdivided face S(Al’f‘l)
where A’"! is the ith face (so the definition is inductive over n). Explicitly, the
vertices of simplices in S(A") are all barycentres of all k-faces (0 < k < n) of A".
If [v,...v;] C [vo...v4] is a k-face, its barycentre is (t...t,) where t; = ﬁ if
i = ij for some j, 0 if i # any i;.

Technical lemma: if o is one of the n-simplices in S(A"), diam(0) < ;25 diam(A"),
independently of the shape of A" (i.e. Y[vg...v,] € R"); we'll prove this next
lecture. Note that we do need this result for a general simplex, not just for A",
as we want to iterate, and the canonical homeomorphism from A” to a general
n-simplex does not preserve length.

Construction of D, step ii: divide 6" X [0, 1] into (n + 1)-simplices such that
on the lower boundary, we just get A", but on the upper boundary we see S(A").
Our aim for building (this division), T, is to join simplices in A" X {0} UJA" X [0, 1]
to the barycentre of A" x {1}. Explicitly, T is constructed inductively in n so as
to satisfy oT + Td =1 - S.

For an n-simplex A, TA = by(A — TdA), where b, : [vg...v,] = [bvg...v,]
where b in the marycentre of the simplex A. Assuming JT + Td = 1 — S for
simplices of smaller dimension, dTA = d(by(A — TdA)). Note dby = 1 - b,d (by
considering the definition of by: d[bvy...v,] = [vg...v.] = [bv1...v,] +...; this
is valid since b, uses its own fixed value A, it doesn’t just take the barycentre
of the simplex it’s applied to) so this is = A — TdA — b1d(A — TdA) and we see
[0T(JA) and - don’t understand this] dT + Td = 1 — S inductively, so this is
A —=TIA = br(SIA + TAIA); dd = 0 so thisis A — TIA — SA. Noting by (SJA) = SA,
this implies dT + Td = 1 — S on n-simplices A, so inductively this always holds.

Construction of D, step iii): X may not be a nice space, but the open cover
{o71(intU,)}aer of A" 5 X has a Lebesque number 6 > 0. So dm(o) such that
every simplex in $™)(¢) lies in U, for some a € I (this is where we use the
technical “shrinking” lemma) (Recall a Lebesque number ¢ for a cover U, of a
metric space (Z, d) is some 0 > 0 such that every set of diameter < 6 (i.e. every
Bs(x) for x € Z) lies completely inside some set of the cover). Define D : C,,(X) —
Cu+1(X) by 0 = Dyy(s)(0) where D,, = Y i = 0"'TS' (and note Dy = 0). Here we
take m(0) to be the least possible value such that all subsimplices of $")(0) lie
in elements of U (recall it is important that pt is just the identity). Note that for
eachm, D, +D,d = Yot dTS +TS!9 = Y. TS + TS (since dS = Sd) = Y. (T +
T9)S' = Y.(1-5)S) =1-5". S0 dDo + Ddg = 6 — (S™)(3) + D y0)(d0) — D(d0))
(noting dDo is defined as d(D,)(0))" (in Cx(X, U)); we cannot do with with
the other term because m(do) # m(c). We define p(0) to be this large bracket, so
that this = 0 — p(0).

Key fact: p(0) lies in C,,(X, U). Why? Let 0; = 0 |jth face of o- Then certainly
m(o;) < m(o). The terms TSi(a]-) which occur in D(do) are all terms in Dy, (do).
So the difference D,(5)(do) — D(do) is a sum of terms TSia]-, fori>m(o;). So Sia]-
is small and T preserves C, (X, U). Clearly S™?)(a) € C,(X, U).

10 Excision, Continued

Recallwehave S : C,(X) — C,(X) thesubdivision operator, T : C,(X) — Cy41(X)
subdivision of A" X [0,1];dT + Td =1—-5. D : Cy(X) = Cuz1(X) 0 = Dyye(0) =

Zz(f "' TSig, taking m(c) minimal such that $™)(g) all lie in elements of the
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cover {Uy,}qe1. We saw last time dDo + Ddo = 6 — (S™)(0) + D,yy0)(d0) — D(d0));
difining this large bracket to be p(0) we see p(0) € C,.(X, U) (Note D, (0) does
not lie there - it is a sum whose early terms are not much smaller than o).

We have dDo + Ddo = 0 —1p(0), p : Cu(X) = Cu(X, U), 1 : Cu(X, U) — Cu(X).
We need these to be chain maps; ¢ clearly is, but what about p? Jd(p(0)) =
do — d(Ddo). dD(do) + D(ddo) = do — p(do) and D(ddo) = 0, so this is p(do) and
p is a chain map as required.

Finally, if 0 € C,(X, U) then m(c) = 0, but Dy = 0so pot: Cu(X,U) —
Cu(X, U) is the identity, and p is a chain inverse for 1, via a chain homotopy D.

S0 py, L are isomorphisms on homology H(C4 (X, U)) S H(Cx(X)).

It remains to prove the technical lemma from lecture 9: Let [0y ...v,] € RNV
be any simplex. Then each o € S[vy...v,] has diameter < - taht of [vg...v,]
(where by the diameter of a simplex we mean the diameter of the underly-
ing geometric object in RY). Recall that points of the simplex have canoni-
cal coordinates (ty...t;),).t; = 1. Observe |lv — Y tvill = (X ti)v — Y. toill <
Yitimax|lv — vi|| = max|lv — vl|; the distance from a fixed point to any point
in the simplex is maximised by the distance to some vertex. So the diam-
eter of a simplex is the maximal separation of two vertices. We'll proove
the lemma inductively: suppose it is valid for all k-simplices for k < n. Let
0 € S[vg...v,]. The case we have to consider is ¢ = [bv;, ...v;,] for some
{i1,...,1,} C the set of indices of new vertices; otherwise all the vertices lie in
some face of [vy...v,], meaning this is actually a smaller-dimensional sim-
plex. The diameter diam(o) = ||b — vj|| for some i; otherwise use the in-
ductive hypothesis to bound |[v;, — v;|l. Consider the face [v.. Ti...v,] of
the original simylex. The barycentre b; of this face has coordinates (ty...t,)
where t; = % for j # 0, t; = 0. By contrast b has coordinates (fy...t,) where
ti = #V] Observe b = #bi + #vi. So b lies on the line between v; and b;,
and diameter([b, v;,,...,v;]) = |Ib — vill = 5 |lIb; — vi|l < 5diam[vp. .. v,].

Remarks: When we deduced the Mayer-Vietoris Theorem (and indeed exci-
sion) from the statement that C, (X, U) — C.(X) is a homology isomorphism,
the lecturer stated that the homology isomorphism induced a homology iso-
morphism CE%Z; ) s g:g; for « = AU B. This is true since the equation
dD + Dd = 1 - 1p descends to the quotient group by C,(A), since all of our
operators S,T,D,... preserve the property of lying in A. Alternatively, one
could use the 5-lemma. -

Remark: The theorems we’ve proved all hold in cohomology, e.g. H*(X, A) —
H*(X\ Z A\ Z) if cl(Z) C int(A). In the axioms for a generalized cohomology
theory, we have functoriality, homotopy invariance, LES for pairs and excision
just as for homology, but the “unions” axiom changes: h* (1L X,) =[], H*(Xa)
(so H*(1L X,) = [, H*(X,)) - direct product, not direct sum.

Recall we are studying cell complexes: X = [Jisq Xk, Xk is the k-skeleton,
Xt = Xj_1U finitely many k-cells D¥. Define: reduced homology H.(X) :=
Hy(X, pt). So Hyx(X) = Hx(X) for x > 0, Hy(X) ® Z = Ho(X).

Lemma: If X is a cell complex and A C X a subcomplex, Hu (X, A) = H*(%).
Think: a “SES of spaces” A — X — % gives rise to a LES in homology

- = Hi(A) -» H(X) - Hi(¥) > Hi-1(A) — .... (Exercise: this is the LES
of the pair). To prove this we use the technical fact that if A C X is a sub-
complex of a cell complex, there are open neighbourhoods V 5 A in X which
are homotopy equivalent to A and such that A < V is a deformation retract.
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Then (by the 5-lemma; see example sheet 2) H, (X, A) = H,(X, V). So consider:
Hi(X,A) — Hi(X,V) « H(X\AV\A)
l ) . The top left and bottom left
H(%, 4 — HdGn) < HG\3x\4%)
maps are isomorphisms by the 5-lemma, the top right and bottom right are
isomorphisms by excision, and the right hand side is an isomorphism since the
quotient map X — £ is a homeomorphism on the complement of A. So the left
hand side must also be an isomorphism.

Observe, if X is a cell complex, X D Xx D Xj-1 D --- D X3 D Xp and

% = \/ﬁk=1 Si.‘ is a wedge of k-spheres, since X* = X¥1y DFU---U Dk glued by

maps dDF — X;_;.

11 Cellular Homology

Let X = (U Xk be a cell complex.

Lemma: i) Hi(Xk, Xk-1) = Z'™, the free abelian group on the set of k-cells,
Hi(Xg, Xk-1) = 0 for i # kii) H(Xx) = 0if i > k; inclusion X; — X induces
an isomorphism H;(Xx) 5 Hi(X)Vi < k: Recall if A C X is a subcomplex,
H.(X,A) = Hu(X) (where £ is the quotient collapsing A to a point). %
V1, S* and Mayer-Vietoris implies H*(\/}*, S) = Z"™ for x = k, Z for * = 0 and
0 otherwise. This provesi). For ii) we consider the LES of the pair (Xi, Xi-1) (we
will use X; and X* at random to denote the same thing; note that for homology
groups H*,H, are different) --- — Hi1(Xk, Xie1) = Hi(Xk-1) = Hi(Xp) —
Hi(Xg, Xpo1) » Hioi(Xyp) — ... Ifi >k, we get 0 — Hi(Xx-1) — Hi(Xx) — 0,
so this is an isomorphism and inductively H;(Xy) = H;j(X-1) = --- = Hi(Xo) =0
(for i > 0). Ifi <k, Hi(X*) = Hy(X*?!) = ... = H(X*™") for any finite n > 0.
If X is compact then X = XN for N sufficiently large and this proves ii); for a
general, perhaps infinite cell complex X, we complete the argument by: any
simplex ¢ : A" — X has compact image, so a simplex lies in some X". Similarly
therefore finite sums of simplexes also lie in some X", so if « € H;y(X), dn
such that o € Hi(X") — H;(X). With a little more thought, this says that
for large enough n, H;(X") — H;(X) is onto. Similarly, a chain between two
cycles representing a relation or identity at the level of homology is a finite
sum of simplices, so actually the finite X" also see relations between cycles.
So Hi(X") — H;(X) is an isomorphism for n large enough, and then the finite
induction proves ii).

Example: 1. For a sequence (n1,my,...) € INN, there is a connected cell
complex such that H;(X) = Z"Vi > 0, namely X = \/7, S1 v Vi, S? V.... This
was not immediately obvious, and tells us that we will not be able to obtain any
arithmetic restrictions on homology groups for general spaces - though finding
such restrictions for particular types of spaces is still a very important area of
topology. 2. D? has one 0-cell, one 1-cell and one 2-cell. H, = Z for * = 0, 0
otherwise. (3.) T2 has one 0-cell, 2 1-cells and one 2-cell; H, = Z for x = 0, Z?
for x =1, Z for * = 2 and 0 otherwise. 4. The Klein bottle has one 0-cell, two
1-cellsand a 2-cell; Hy = Z for x =0, Z & % for x = 1 and 0 otherwise. 5. X,
has one 0-cell, four 1-cells and one 2-cell; H, = Z for x =0, Z* for x = 1, Z for
*x = 2 and 0 otherwise. 6. S? V §% has one 0-cell and two 2-cells; H, = Z for
* =0,2.
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Observe that the rank of Hi(X) is < the number of k-cells. This suggests that
the homology could be induced from some chain complex where this would
hold - but our current chain groups are infinite-dimensional.

Definition: The cellular chain group C;‘*H(X) = 7" = Hy(Xk, XK1 is free
abelian on k-cells of X. The cellular boundary operator d*!l : Hy(X*, X*1) —
Hy_1(X*1, X*-2)is defined as the map Hy(X¥, X*1) — Hy(X*1) —» Hy_ (XK1, X5-2) =
incly gs o drgs, where inclpgs is the inclusion from the LES of the pair (Xk1, Xk=2)
and Jy ks is the boundary map from the LES of the pair (X¥, X*1).

Lemma: d°!! o d°!l = 0 (so (C!, d°!!) is a valid chain complex): d°°!! o geell =
todood,but the central d and  are successive maps in the LES of the pair
(X*-1, X*-2) s0 compose to 0.

Theorem: HS(X) = H,(X); in particular HS'(X) = H(CS!, d°!) is a topo-
logical invariant of X. Note that C*'(X) is certainly not a topological invariant
- it depends on the skeleton i.e. the choice of cell decomposition.

We have pieces of LES of pairs: 0 — Hy(X¥) = Hy(X¥, X¥1) so 1 is an
injection, and Hy.1 (X1, X*) 2y Hu(XK) — He(XF1) = Hy(X) — 0 = Hy(XF1, X5,
the two =s being by the earlier lemma. So H(X) = 55— ()I;Ifff( ;)k)—>Hk(XI<) which

k . k xk-1y_, k-1
) Ths = gt

composing both with the injection ¢ =

cell. ~cell cell
%%:%E; since ¢ : Hy_1(X*!) — Hy_1 (X1, X*2) is injective.

Corollary: If X is a cell complex 1. H,(X) is a finitely generated abelian
group of range < n,; the number of g-cells 2. If H;(X) # 0, every cell structure on
X has g-cells 3. If X is compact, H. (X, Q) is a finite dimensional Q-vector space
(and similarly for any other coefficient ring) 4. If X has only even-dimensional
cells, H,(X) = C<(X) for this cell decomposition.

Remark: 4. is worth noting, since various spaces of importance in algebraic
geometry have such cell structures, e.g. CIP" or Gri(C") (the Graussmanion of

k-planes in C").

12 Time for Change

(Ohio: nice touch)
Recall d!! : Ceell — CFl! where the groups are free abelian on k-cells and
(k—1)-cells respectively. Computational recipe: d{!'([D]) = ¥4 daﬁ[D’é‘l] where

¢ .
dap is the degree of the map of spheres §*-1 = 9Dk = x*1 — £ =/, Syt -

S’;’l, where ¢ is the attaching map gluing the boundary of the « k-cell to the
(k — 1)-skeleton and the final map is a quotient. Here a indexes k-cells and
indexes (k — 1)-cells; proving this result is a good exercise in the definitions.
Example: Real projective space RIP" is the space of unoriented lines in R"*!,
= &£ RP? = £ = D2U <2 = D2URP!; more generally RP" = D" URP"! =
-+~ =D"U---UD!'U pt, so RP" has a natural cell structure with one cell of
each dimension 0 < * <n. C'=0—>Z - Z — --- - Z — 0, where
the first Z has degree * = n and the last *x = 0. What are the maps? In
forming RIP*, D¥ — RP*! (= X*! the (k — 1)-skeleton) is attached via the
map S — RIP*! which is the natural quotient map. This gives a map
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S§1 5 RPF! - %ﬁi = 51, which is 2:1, and if x € S, it has two preimages
where the map is locally a homeomorphism. The two local maps differ by
the antipodal map, so the degree is 1 + degree(antipodal) = 1 + (1), i..
el : 7 — 7 is multiplication by 1 + (=1)F.

SoCSf”is,forneven,O—>Z£>Z—>---—>Z£>Z—O>Z—>O,andf0rn

0dd, 05252372~ ... 52237227 0. SoH,(RP",Z) = Z for
*x =0 or x =nand n odd, % for 0 < * < n and % odd, and 0 otherwise.
Remark: One can define homology using chain complexes with other coef-
ficient groups than Z; any abelian group works. Le. we look at Cix(X,G) =
{Yiaioi : a; € G,o; : A* — X}. For example, it can be very useful to
take G = %. For G = %, there is still the cellular homology, with C$!

the Z-vector space generated by *-cells. For RP" the complex decomes

0 % 5 Z 5 Z > ... -5 Z -0, since d°(D,) = Y dag(mod 2)[Dg], so
H,(RIP", %) = % for 0 < % < n, 0 otherwise. (This kind of thing will be very
important later, when we are doing cohomology, since we will want to add a
ring structure to our groups. For now, just note that this can be done, it can
change the groups, and this change is sometimes to simplify them).

Definition: A covering space p : X — B is a fibre bundle with discrete fibres,
i.e. its a map such that Vb € B3 open U > b such that p~}(U) =14ea V, and
plv,: Vo = Uis a homeomorphism (and p is onto).

Examples: 1. R — S t - &7 2. S — S! z > 22 for S! viewed as c C 3.
cutting the surface of genus 3 “down the middle”, so its left and right halves
look like tori with two open tubes protuding from each, then mapping 2:1 by
rotation about a central axis onto a single such surface, and finally identifying
the two cut ends of tubes, resulting in a surface of genus 2. 4. " — RIP".

Fact: If 0 : Z — B is a map from a contractible nice (locally path-connected)
space, then ¢ lifts to X, and the lift is uniquely determined by its value at a

X
%
point: 7 | p - We are interested in the case where 0 is a simplex (hence
z 5 B

the notation).
Lemma: If p : X — B is a double cover, i.e. every point has two preim-

ages, there is a LES --- — H,(B,%) — H/(X, % L H,B,%) - H,.1(B, %) —

H,1(X, %) 75 ... this is the LES associated to a SES of chain complexes given
by 0 = C«(B,%) - Cu(X, %) — Ci(B,%) — 0, where the first nontrivial map
is 0 > d1 + 62 (where the &; are the two lifts of ¢, by the lemma) and the other
is T = p(1). Note the composite ¢ = p(61) + p(62) = 20 = 0 since we are
considering coefficients in £. Surjectivity on the right follows by the fact again
and exactness, then the rest is straightforward.

Remark: We will build this LES another way later, cf Gysin sequences, at
least for S" — RIP".

Theorem (Borsuk-Ulam): If f : S* — S" is odd, f(-x) = —f(x)Vx, then

f has odd degree: f induces a map RP" J, RIP", since f is odd. We have:
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0 > GRP",%) - C(s,% 5 a®r,%) - 0

l ? Lf ! ? . The squares in

0 - G(RP,%) - Ci(S"% k C(RP", %) — 0
this diagram commute, since pf = fp. In the LES (with all coefficient rings
being %), 0 - H,(RP") - H,(S") - H,(RP") - H,.1(RP") - 0 — --- —
0 - H;(RP") - H;1(RP") - 0 —» --- —» Hi(RP") - Hy(RIP") - Hy(S") —
Hy(IRIP") — 0, where the 0s in the middle come from H;(S") = 0if 0 < i < n; the
initial zero is Hy1(RP"). f, f obviously induce isomorphisms on Hp; using

0 — Hi(RP") — H;i_1(RP") - 0
pieces like i? ! ? we induct;
0 — Hi(RP") - Hi,(RP") — 0

for the top case, the second nontrivial map in the LES is multiplication by
2 (i.e. 0), so the first is an isomorphism. So f is an isomorphism on H,(S", %)
and so the degree of f is odd.

Corollary: 1. If g : S" — R" is continuous, dx € S" such that g(x) = g(—x)
(e.g. if n = 2, there are always antipodal points on the Earth’s surface at the
same temperature and pressure). 2. Cheese-and-pickle sandwich theorem: if
Aj ... A, are bounded measurable sets in R", there exists a hyperplane cutting
each of them into equal volumes (thus we can share the sandwich each getting
even amounts of bread, cheese and pickle).

13 Euler Characteristic

Definition: Let X be a cell complex. 1. The jth Betti number b;(X) = rkoH;(X, Q)
2. The Euler characteristic x(X) (or e(X) is Y, jZO(—l)fbj(X), which makes sense
for X compact. (Similarly for more general spaces; these are the definitions
when they make sense).

Proposition: Let X be a compact cell complex. Then x(X) = }, jzo(_l)j (#j-cells);
in particular the RHS is independent of choice of cell decomposition: in fact,
if (C4,d) is any chain complex for which each C; is finitely generated and only
finitely many are nonzero, then Y. ;5o(=1)/rk(H;(Cx,d)) = X.;20(=1)'1k(C)). To
see this, we split up the chain complex into a collection of short exact sequences
0 — ker(dy) = Zx — Ci 3 im(dy) =: By — 0, where Cy = --- — Cx
Cr-1 %y Cy—z — ... and Hi(Cy) = %. So if Zx = rk(Zx) and by = rk(By), then
re = rk(Cy) = zx + bx_1, for instance since all the terms in the SES are free (so
non-canonically Cx = Z; @ By_1, by choosing a splitting p : By_1 — Ci such that
dkO‘O:id. 801’0—1’1 +1’2—1’3+"'=Zo—(21+b0)+(Zz+b1)—(Z3+b2)+"'=
(z0 —bo) — (z1 — b1) + -+ = tkHy — tkH; + -+ = ). ;50(=1)/rk(H;) (being sloppy
about what happens at the top, but the lecturer assures us that this comes out
in the wash; the reader may check if he likes).

So x(X) is often very easy to compute, and sometimes sufficies to distinguish
spaces.

Remark: Later, we'll see that for M a (closed) manifold, x(X) is equivalent
data to a distinguished element of H*(M). But in general, and for now, we
know nothing about how e.g. maps act on y.

Examples and properties: 1. x(S") = 2 for n even, 0 for n odd. 2. x(X;) =
2-2g3. x(AUB) = x(A)+x(B)-x(ANB)if X = AUB is a union of subcomplexes
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(or more generally of open sets).

Aside: y is the unique homotopy-invariant Z-valued function on cell com-
plexes such that 3. holds and x(pt) = 1, x(0) = 0. Compare with volume (in fact,
there are many possible volume functions, and in some sense it is an accident
that a particular one has come to be known as volume. However, x is the only
integer-valued one).

4. x(XxY) = x(X) x x(Y) since X X Y has a cell complex structure such that
k-cells of X X Y are products (i-cell of X) X ((k — i)-cell of Y). 5. A fibre bundle
n : X — B is a map which is locally trivial, i.e. Yb € BAU > b open such

that 7~'U 5 U x F by a map taking 7 (q) & {g} x F¥q € U; F is the fibre of

the bundle. Examples: S* % $? the Hopf map, taking (z1,22) € $* ¢ C2 to
[z1 : Z»] € CP! is a fibre bundle with fibre S!. A covering space p : X — Bisa
fibre bundle with discrete fibres. A vector bundle is a fibre bundle with F = R"
and the local trivialisations ¢ being linear on the fibres, ¢, linear.

3. and 4. imply x(X) = x(Ox(F). Exercise: if X — X is a d-sheeted cover,
x(X) = dx(X) (cf the “lifting” results for cells).

Theorem: Let X be a finite cell complex. Then H'(X, Z) = I;(’) (:;OZH) @®Torsion(H;-1(X, Z));
to get H* from H, we “keep the same Z-summands and shift the torsion £
summands up one degree”. E.g. H.(Klein) = Z for x =0, Z& % for x = 1, and
0 for x > 2,s0 H*(Klein) = Z for x =0, 1, % for x = 2, and 0 otherwise.

Remark: The Universal Coefficient Theorem says that this is true for any
space such that H;(X) is fintely generated for each j. We use the stronger

assumption that 3 finitely generated chain groups e.g. C. (This is in some

sense not the right proof for this result; however, we don’t have time for
the homological algebra required for the “good” proof. Therefore, the reader
should not worry about this proof (however, it is of course a perfectly valid,
rigorous proof)). As before, we take the (finitely generated) chain complex
and split the associated SES0 — Z, — C, — B,-1 — 0 (Z, is the group of
cycles, B,—1 that of boundaries), writing (non-canonically) C,, = Z, ® K,, where
Ky = B,-1 (so the subscripts record the degree in which we live in the chain
complex). Homology is the quotient: 0 — B, — Z, — H, — 0. So the
homology groups are actually the homology groups of a collection of many
very short chain complexes 0 — K41 — Z, — 0 (note: this map has cokernel,
so contributes homology in only one degree, namely n). So it suffices to proove
the theorem for a chain complex of the shap 0 — Z* — Z" — 0 (“that’s what
we have after taking bases”).

The Smith normal form theorem says that we can choose a Z-basis such that
d

d>

the matrix has shap di with dy | do,dy | d3, ..., dko1 |

0
dr. So the map 0 — Z* mAX 70 5 0 breaks into subcomplexes of shape

0 — Z(,‘) ﬁi) Z(i—l) — 0and 0 — Z(,‘) £) Z(i—l) — 0 for (l), (Z - 1) some
degrees. The cohomology groups are given by dualising these complexes,

22



0 « Z & Ziy < 0,0 « Z & 0. These have cohomology and homology
related as in the theorem.

Digression (Morse theory)

Let M be a shooth closed manifold. Let f : M — R be a function with
non-degenerate critical points, i.e. if in local coordinates (x;) (3—3{) =0 (xis

critical) then det(%) # 0 (the reader should check this is independent of the

choice of coordinates). Such a function is called a Morse function, and they
exist in abundence (they are dense in C*(M, R)). Pick a Riemannian metric
g on M. Then every point of M (other than critical points) lies on a unique
flow-line of f, i.e. a solution of X(t) = Vf(x(t)) where V is the gradient wrt
metric g. Let index(p) for p critical be the number of negative eigenvalues of

Hess,(f) = (5 ax,) lp-

Fact (Morse) (Gass’ Law): the subset of M swept out by the gradient flow
lines descending from a critical point of index k form a k-cell (if the metric g is
generic). So M admits the structure of a cell complex (and things will be finite
since M is closed, unless f or g is silly).

Remark: In fact, Morse homology has CY'°"*¢(M) = free abelian on index k

critical points of a Morse function and d}°™*¢ counting isolated gradient flow
lines. (This is a useful formulation since it can give valid answers for infinite
spaces where other homology theories would give 2 or similar useless non-
sense). One key use of homology in geometry is to estimate numbers of critical
points of smooth functions.

14 Cup-product

From now on we focus our attention on H*(X), which turns out to be a ring.
Definition: Let ¢ € C5(X), ¢ € C/(X) be cochains. Then ¢ U ¢ € C*/(X), the
cup-product (of ¢ and 1/)) is defined via, for o : A*! — X, say 0 = [vg... Uk,
(@ U P)(o) = P([vo . ) - Y([Uk . .. vk41]), where the product on the right hand
side is the ordinary product in Z (or more generally, in the coefficient ring).
Lemma: J(¢ - ) = P - Y + (=1)k¢ - Y (the ¢ - Y being the cup-product;
we shall generally omit the U and may even simply write it as ¢1), where

= deg(¢): (3¢ lP)[Uo Ok+1+1] = @P)([vo. .. Vi1 DYP([Vks1 - - - Vkri41]) =

k”( Dip([vo...0; . .. 1 DY([0ks1 - - - Vi) (=1)5(P-09)[0p . . . Vgr1i1] = P[00 .

Modulo errors 1ntroduced by the lecturer, the last term of the first of these re-
sults cancels with the first term of the second, and the rest of the sum gives the
LHS of our result: d(¢)(0) = (¢ U P)(Eip™ (<100 .. Ti . Ogsra]).

Corollary: The cup-product descends to cohomology, inducing H¥(X) U
H'(X) — H*!(X): the product of cycles is a cycle, and the product with a
boundary is a boundary.

Remarks: 1. f: X — Y induces a map of cohomology rings f* : H*(Y) —
H*(X). 2. If X is path-connected, H*(X) has a unit 1 € H'(X) = Z, the generator
¢ € C'(X) takes the value +1 on a point ¢ : A’ — X (in general, H*(X,R) is a
unital ring if R has a unit).
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Proposition: The product is graded commutative, ¢ - = (=-1)"¢ - ¢ in
cohomology (note we are now working in the cohomology; ¢, 1) now refer to
the equivalence classes in H* they represent, rather than directly to the maps
in C*), i.e. H*(X) is a graded commutative ring.

Corollary: Therefore, if deg(¢) is odd, ¢ - ¢ is a 2-torsion element. E.g. for
the torus (S')", we computed that H/(T") has rank (7) and H* is torsion-free. So
for every p e H(T") = Z", ¢ - ¢ = 0.

The proof of the above proposition “imitates” the proof of homotopy in-
variance; we use a prism-type operator but this time with “order-reversal of
vertices”, so that the top face is equal to the bottom face but with order of

vertices reversed. Define p : C,,(X) — C,(X) by [vg...v,] = [0y ... v0le,, where
€, = (-1) e (this is the sign of this permutation of vertices, or the number of

transpositions made). We claim p is a chain map, chain homotopic to the iden-
tity (via a prism operator). If we take the claim on trust (ha!) (sic) for a moment,
then we will have p*¢ - p*P(0) = P(ex - [vk - . . vo )P (€iTks1 - - . k]), p* (W P)(0) =
€x+1W([Vks1 - - - vk])P([0k - . . v0]) (%). The reader may check exy; = (-1)Mere;, so
(%) says exe1p* Pp* P = exr1p* (W), which implies p*¢ - p*i = (=1)¥p*(P¢p), on
chains, s0 ¢ - ) = (1) - ¢ on cohomology (since p* = id on cohomology).

Claim1: pisachainmap. (dp)(0) = €x Li(=1)'0 |y, 5, ;.01 P(@0) = P(Li(=1)'0 |[gy. 5.0,
) = €1 (=10 0.5, ..0) @nd (the reader should check) €, = (=1)"€;-1.
Thus dp = pd and p is a chain map.

Claim 2: p is chain homotopic to the identity (and hence induces the
identity on H*, as we used above): ie. we will construct P : C,(X) —
Cyp+1(X) such that dP + Pd = p—1. Let m : A" X [0,1] — A" be projec-
tion, and let Po = Y (-1)'€,_i(om) |ivo...vi,..w,] (these are the same (n + 1)-
simplicies in A" X [0, 1] as those used for P in the homotopy invariance proof,
except that we have re-ordered the top. Again, dP + Pd = p — 1 will be
the statement that “the boundary of the prism = the prism on the bound-
ary + the top - the base”). dPo = ¥ ;(=1)(=1)eqi[vo...0j... 01w, ... wi] +
iji(—1)i(—1)i+1+”‘fen_,-[vo L WiWy ... W) ... w;]. Pdo = ):i<]-(—1)"(—1)fen_i_1[vo VW W)L wi]+
2i>]-(—1)1’1(—1)fen,i[vo VDWW

Explicitly evaluating these terms would only serve to confuse the lec-
turer, so instead the reader should check the following: a) the j = i terms
in the first sums give e,[wy ... wo] = [vo... 4] + Yiso(€n-i)[v0 ... Viciwy ... W] +
Vi (=1 le, i[vg... 0w, ... wiy1] and here the last two terms cancel via —e,,_; =
(=1)""'e,4i+1, and b) the terms with j # iin the expression for dPo give Pdo using
€n-i = (=1)""€p-i-1.

Remarks: Given spaces X, Y we have natural maps nx : X X Y — X, my. We
can define a product H'(X) x H/(Y) — H*/(X X Y) by (c1,¢2) = m}c1 U mhes.
There is a relative cup-product H'(X) x H/(X, A) — H'*i(X, A) since ¢ € C/(X, A)
by definition vanishes on chains lying in A, so (¢ - ¢)(0) = 0 if all of ¢ lies in A,

since its “back face” - which we “feed into” 1 - does. See the second example
sheet for a more general relative cup-product.

15 Unknown

The first set of examples for which we can compute cohomology rings are
product spaces:
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Theorem (Kunneth): If X is a cell complex and Y a cell complex such that
H*(Y) is finitely generated free (as an abelian group), then H*(X X Y) ~ H*(X)®
H*(Y) so H*(X X Y) EBH]':H Hi(X)® H/(Y).

Remarks: So b, (X X Y) =Y., b;(X)b,_(Y), which refines y(X X Y) = x(X)x(Y).
Contrast: x(Z) = x(Y)x(B) if Z is a fibre bundle over B with fibre F, but not

H*(Z) = H*(F)H*(B), e.g. S' — &3 %' 52,

Proof of Kunneth: Consider the two associations (X,A) — h*(X,A) =
H*(X,A)® H*(Y), k*(X, A)(= H*(X x Y, A x Y). Cross-product H*(X) ® H*(Y) —
H*(X xY) (a,p) = 7} (@) U my(B) induces a map @ : H*(X,A) ® H*(Y) —
H*(X X Y, AX YY) since if ¢ € C¥(X) vanishes on chains in A, and ¢ € C/(Y), then
¢ - € CH(X,Y) will vanish on chains in A X Y. Note also i*(pt, ¢) = k*(pt, ¢)
induced by ® : h* — k*. So general theory implies that on all complexes,
h*(#X, A) = k*(X, A), provided these are cohomology theory. For k* the proofs
of the axioms carry over; for 1*, most things are easy. The existence of LES (and
tensoring) is not trivial, but holds because tensoring with a free, finitely gener-
ated thing does preserve exactness (cf: ®% does not preserve exact sequences,
eg 057235 Zand0— Z ot ).

Corollary: H*(S? x §?) = 2 degx = degy = 2 (the degree-4 element is

x2=y2 =0’

xy). H*(T") = H*(S' x --- x SY) = A(xy, ..., xn), |xi| = 1.

Definition: The cuplength cl(x) = max{N : Ja; ..., € H*(X) such that ;a5 . .

0 € H*(X)}.

Theorem: Let M be a closed smooth manifold. Any smooth f : M — R has
> cl(M) critical points.

Remark: Morse theory implies that if critical points are nondegenerate then
there are > ), jbj(M) critical points.

Remark: If f : M — R has only two critical points then M = the sphere.

Proof of theorem: we’ll show the number of critical points is bounded below
by a “category”.

Definition: We say X has category k (LS-category or Lyusternik-Schnirelman)

if k is minimal such that X = U’;zl U; with U; contractible.

Observe: M has finite category.

In example sheet 2 we’ll see v(X) > cl(X) for v a category. v(X) satisfies the
following: to each U € X assign an integer (where U are the minimal number of
contractibles to cover) such thati) A ¢ X = d open U D A such that v(A) = v(B)
ii) V(AU B) < v(A) + v(B) iii) A C B = v(A) < v(B) iv) v is homotopy invariant v)
v(0) = 0, v(pt) = 1. Any such function from subsets(X) — Z is called a category.

Take f : M — R; forc € Rlet M, = f’l(—oo, c]. Pick a metric on M, then f
defines a gradient flow (of —Vf) by homeomorphisms ¢' : M — M. If ¢ is not
critical, i.e. if f~!(c) contains no critical points, then the flow is nontrivial on
the level set, so 3t, 6 > 0 such that ¢/(M*°) € M. Let ¢ = sup{c : v(M") < j},
so c1 = min(f), c,(py = max(f). Observe c; is a critical value of f V.

Claim: ¢; < cj1 or f~'(c;) contains infinitely many critical points. Note a
finite set in a manifold always lies in an open set U of category 1. Suppose
f(cj) has < oo critical points. Considre M ™ < y(M*° - U) +1 < v(M°) + 1
since ¢'(M™® — U) c M0 But v(M%?) < j by the definition of ¢j, so
Cj+1 = ¢j + 0 > ¢j; this clearly suffices.

Example: cI(T") = n (if x1,...,x, are generators of degree 1 cohomology
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coming from factors, then x1 A-- - Ax, generates H*(T") = Z). Soany f : T" - R
has > (nH) critical points (since the no. of critical points is > the category > the
cup length).

16 Vector Bundles

Recall a vector bundle E — X is a fibre bundle with linear fibres and with
fibrewise-linear local trivialisations, i.e. a family {Ey}.ex of real vector spaces
paramaterised by X and a topology on |J,cx Ex = E such that Yx € X3 open
U > x such that E [y= U X R", E, — {y} x R" is linear isomorphism. A section
S : X — E is a map such that m o S = idx. The zero-section is the map
x = 0 € ExVx. So if X = the 0-section is the real line and E the plane, with each
E, being a vertical line, then the plot of a smooth function is a section, but a line
which “curves back on itself” crossing one of the vertical lines more than once
is not.

Examples: 1. Let X = GrIR” the set of k-dimension real subspaces in R"
(Gr1(R") = RP" ). There’s a tautological vector bundle E — X where fibre at
x is the subspaces (x) C R", so E = {(x,v) : v € (x)} € X X R". If (, ) is an inner
product on R”, for x € X, U := {y € X : E, N E; = {0}} (Where L is orthogonal
subspace wrt this inner product), then E |[y— U X E; by (y,&) = (v, pr<x>c§),
where pr : E;, = (y) — E, = (x) is orthogonal projection. This map is a linear
isomorphism on y € U.

2. If M is a smooth manifold, the tangent bundle TM is a naturally associated

vector bundle over M. If M ¢ RN, TM c RN x RN can be defined as {(m,v) :
m € M,v € T,,M} where T,,M is the vector subspace of RN generated by tangent
vectors to curves in M at m: for y : (—¢,€) > M C RN with 0 — m, the
vector y/(0) € RN. So T,,M is ()’(0) : y varies). This is a vector space of
dimension dimg M; it is not obvious that this depends only on M and not
on its embedding in RN, but this is in fact true. Example: M = §" c R"*!,
TM = {(x,v) : |Ix]| = 1, (v, x) = 0} ¢ R™! x R*1,

3. If M is a manifold and Y € M a smooth submanifold, say closed, the

normal bundle vy has fibre at y € Y % If M has a metric we could (non-

canonically) identify (V%)y = (T,Y)* c TyM. It is a basic fact of differential
topology that TM, v 1 are vector bundles.

Our aim is to associate cohomology classes to submanifolds, at least in nice
cases.

Definition: the vector bundle E is oriented if for each x € X we have a
generator €, € H"(E,, Ex\0) = Z (wheren = rk(E) = dimg(E,)) and these choices
are coherent, in the sense that if U is a trivialising open set, for E |Xi> UxE,
by E, = {y} X E, (which is linear so has E, \ 0 — E; \ 0), the induced map
H"(Ey,Ex\ 0) > H"(Ey, Ey \ 0) takes €; — €,,.

Definition: A smooth manifold M is oriented if TM is oriented. A subman-
ifold Y ¢ M is co-oriented if v x is oriented.

Excercise: If M and Y are oriented then Y is co-oriented; we will in fact
prove everything one needs to show this, but will not come back and point out
that we have done so.

Further fact from differential topology: Tubular neighbourhood theorem:
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if M is a smooth manifold, Y ¢ M a smooth closed submanifold, then 3 a
diffeomorphism of an open neighbourhood Uy of Y in M Uy — vy Y S
0 — section. Moreover, if ¥,Z C M are smooth closed submanifolds meeting
transversely (Yx € YN Z,T,Y + TyZ = T:M, which by dimension count implies
(v ¥oz ) = (v x )x®(v z )x) then J tubular neighbourhoods such that Uynz = UyNUz
such that (Uynz)x = (Uy)x X (Uz)xYx € Y N Z.

Theorem (Thom isomorphism theorem): Let X be any space and E - X
an oriented vector bundle of rank n (dimE, = n). Let E¥ = E \ 0 — section. i)
HYE,E*) = 0 fork < nii)da unique class Ug € H"(E, E®) such that Ug g, =
e;Vx € X, where U, |g, means the pullback under inclusion, i.e. restriction, iii)
a + 1*a - Ug is an isomorphism H¥(X) — H*"(E, E)Vk. This U is the Thom
class.

Under the map H"(E, E*) — H"(E) S H"(X) (this last an isomorphism since
E ~ X via linear retraction in fibres - the 0-section C E is a deformation retract),
Ur — er € H"(X), the Euler class of E.

Now let Y ¢ M be a closed oriented submanifold of a closed oriented
manifold (so Y is co-oriented; in fact this is all we shall use). Then under
H*(v,v%) = H*(Uy, Uy\Y) by the tubular neighbourhood theorem, = HNM, M\Y)
by excising M \ Uy from M, — H*(M) by the LES of the pair, U,, — €y. €y is

the cohomology class associated to the submanifold Y.

X
M

Theorem: If Y, Z are closed oriented submanifolds of an oriented manifold M
and if Y, Z intersect transversely, then eynz = €y-ez where this is the cup-product,
i.e. “cup-product reflects transverse intersection”: the Thom isomorphism
theorem says U is unique, so it’s represented by any cocycle c (taking E =
vy) such that i) ¢ vanishes on M \ Uy and ey € H¥(M) and ii) ¢ |y, is the

distinguished generator ey € H®4m(v,, Vﬂy)' Now Uynz = Uy N Uz and ey - €7
does vanish on M\ Uynz, and it does restrict properly since (vynz)x = (Vy)«®(Vz)x
cross-product

and HM(RF! R\ 0) — HY(RF, RF \ 0) ® H/(R!,R! \ 0) (where k =
rk(vy),l = rk(vz) and so k + [ = rk(vynz)); this cross-product is an isomorphism,

so indeed ey - €7 is a fibrewise generator for Hk+! (Vynz, Vﬁmz)'

17 Orientations

Recall: A vector bundle E — X is oriented if we can coherently choose genera-
tors €, € H*(E,, E; \ 0)¥x € X where n = rkE = dimgp E;.

Examples and remarks: 1. In linear algebra, an orientation of a vector space
V is a choice of ordered basis {v1,...,v,} for V; two choices define the same
orientation if the change of basis matrix from one to the other has determinant
> 0; up to equivalence there are two possible orientations.

A choice of basis for V defines a linear map V' — R" (which we “keep
at home in a box”; we fix one orientation on it for all time). For a fixed
generator €, of H"(R", R" \ 0) the isomorphism V — IR" yields an isomorphism
H"(V,V\0) = H'(R",R" \ 0) and we take ey to be the element corresponding
toe,.

Corollary: A complex vector space is canonically oriented: we choose a

(complex) basis for V¢ and take real and imaginary parts to give a basis of VR.
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Different choices are related by elements of GL,C < GL,IR, and the determinant
of all of these is ;0. So a complex vector bundle (e.g. the tangent bundle of a
smooth complex variety) carries a canonical orientation.

2. Example: If M is a simply connected manifold, M is orientable i.e.
TM admits an orientation (There are then two such, and in general neither is
distinguished). Sketch of the proof: consider {(im, €,,) : m € M, €, a generator €
H"(T:uM, T,,M\ 0)} =: M. There are two such generators corresponding to each
point, as we always have H"(...) = Z (non-canonically). The natural topology
on M’ is such that the 2 : 1 map M’ — M is a covering map (i.e. open sets are
defined to be each of the two preimages of each open set in M). An orientation
of M is a section of the cover, i.e. a map M — M’ such that the composite

M- M 5 M =id. If 7;(M) = 0 there are no nontrivial covers (i.e. all covers
are M X F for fibre F) so M’ = M 1L M and there are two sections. (This result
tells us slightly more; M is oriented if there is no [surjective?] homomorphism
7'(1(M) - Z)

3. If Y € M is a closed smooth submanifold, orientations of Y and M define
a co-orientation of Y: at each y € Y, T,Y ® (vx)y = T,M. Such a splitting is
given by choosing a metric on M, which is a contractible choice (i.e. the space
of such metrics is contractible - so we have still made “essentially no” choices).
We declare that an ordered basis of (VY) to define the positive orientation if
[the ordered basis formed by some fixed ordered basis of T,Y followed by this
ordered basis] is in the equivalence class of a positive ordered basis of T,M (So
in fact, orientations of any two of these three bundles define an orientation of
the third).

Remark: HY(T,Y, T Y\O)®H’((1/y)y, (vx)y\0) H*(T,M, T,M\ 0)
For €, € the last of these [and some flxed € in the first], there is a unique
generator €, of the second such thate ® €, - €, (and not —¢).

4. If Y,Z c M are closed submanifolds and all three are oriented and
Y and Z intersect transversely (notation: Y h Z) then an ordering of (Y,Z)
defines a co-orientation on Y N Z: vynz = vy @ vz, where we use an ordering of
(Y, Z) on the RHS. We know the “positive” equivalence class of bases in both
of the right hand operands, and this defines the “positive” equivalence class
of ordered bases on vynz. Observe: if we change the order of Y, Z and view
Vynz = vVz®Vy, then an ordered basis on the LHS has changed from the previous
situation by a factor of (—1)&rkz = (—1)codimMeodim(Z) “gince we have done
that many transpositions in (v, . .. ,vY, wi, .., wh) e (W, Wk, .,v)). Cf
€ynz = €y - €z = (—1)lelzle; . ey, so our formula for eynz in the previous lecture
is consistent.

5. Observe that the tubular neighbourhood theorem applied to a point

Cross product

p € M says T,M SUs p an open neighbourhood of p (an explicit map is
given by the exponential map of a metric - ignore this if you haven’t done
differential geometry). Then H"(T,M, T,M\ 0) = H"(U, U \ 0), which by excision
is = H"(M, M \ p). So an orientation on M is a coherent choice of generators for
H"(M, M\ p) as p varies M, coherent meaning constant in local open sets relative
to homeomorphisms to R" and preserved by transition maps of an atlas. This
makes good sense for a general topological manifold, not necessarily smooth
(we are used to thinking of e.g. the cube which although not smooth can be
smoothly deformed into the sphere. But as may be seen in the 4-manifolds
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course next term, there are 4-manifolds which cannot be made smooth by any
such deformations).

Example: H*(CP",Z) = % for |x| = degx = 2 (recall H(CP") = Z
fori =0,2,...,2n, 0 otherwise. Pf: CP" is oriented and the submanifolds
CP' ¢ CIP" are oriented (since they are all complex manifolds). Moreover,
generically, the submanifolds CP' and CIP"~ meet transversely in a single point
(i.e. transverse linear subspaces of C"*! meet only at the origin, and C'*!, C"~*1
generically meet in a complex line). But [then] €¢pi - €cpr-i = €pr € H'(CIP") = Z.
Recall €, came from the map H*'(CP", CP" \ pt) = Z — H*'(CP") = Z in the
LES; the next part of this LES is — H> (P \ pt), which = 0 as CP" \ pt = cr'.
So the map Z — Z was a surjection so an isomorphism, so € really is the
generator of H*'(CIP") = Z; in particular it is certainly # 0. So €gpi # 0Vi,
since €cpi - €cpri # 0. Now using the fact that CIP"~* N CIP"™! = CP"? (for two
general copies of IP""! in P") iteratively, we see that if x = ecp1 € H*(CIP"),
then x' = e-pi- and have result.

Remark: The power of the argument here is that eyt # 0 = ex # 0 for many
X c M; specifically if Y such that X M Y = pt. In fact, for all our examples
(spheres, surfaces, RIP', products), there is a cell decomposition with a unique
top dimensional cell, so M = M""1UD" where M"~! is the (11— 1)-skeleton, glued
via dD" — M" 1. In that case, M \ pt = M"™1 so then ept # 0;in fact it generates
a Z-summand (assuming M orientable). In fact, M \ pt =~ (n — 1)-dimensional
cell complex ¥ closed smooth M, but the proof of this is beyond this course,
requiring e.g. Morse theory.

Example: H*(S?> X §%;,7Z) = XZZ:[J;,Zy:]O/ x| = 2, |yl = 4. CIP°~S? x §* even though

both are closed, simply connected, orientable and have the same H{(X, Z)Vi.
Why? We just saw the natural cup-product map H2(CIP*)®@ H3(CIP?) — H*(CIP%)
is x ® x > x%, non-zero, but H*(S* x §*) ® H*(S? x §*) — H*(S? x §*) will have
€5t ® €g1 > €gingt. But, by viewing 5% x S* as a “square” with $? along the
side and S* along the bottom, we see that two general copies of S* meeting
transversely do not intersect at all, so this is €y = 0. So H *(CIP%) 2 H*(S? x S%)
as rings.

18 Thom Isomorphism

Theorem: Let E 5 X be an oriented vector bundle of (real) rank n. Recall
E* := E\ the 0-section. i) H*(E, E*) = OVk < n ii) 3! class Ur € H"(E, E*) such that
UE |g,= €, the orientation class of the fibre Yx € X (then U is the Thom class
of E) iii) @ — m*a - Up HY(X) 5 H*"(E, E¥) is an isomorphism Yk: we'll only
prove the special case where X has a finite trivialising cover for E (this is always
true if X is compact, or if X is a manifold “of finite type”, i.e. one with a finite
trivialising cover). Induct on the number of sets in such a cover: the base
case is where E — X is a product E = X X IR". The Kiinneth theorem gives
H*(X) ® H*(Y) > H*(X X Y,X x Z). Take (Y,Z) = (R",R" \ 0), then all three
results are straightforward.

Inductive step: look at the LES for the pair (E, E"): 0 —» H"(E,E*) — H"(E |a
,Ef l4) ® H"(E |, E# lp) —» H"(E IAQB,Eﬁ lanB) — ..., where A, B are sets in
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the base covered by < k trivialising sets and A U B is covered by k such. E [y

is the restriction, i.e. for U < X, i*E — U is the bundle over U with fibre
(i*E)x := EjVx € U. (Remark: this “pullback bundle” makes sense for any
map f : Y — X, not just inclusion of an open set). The first 0 is the group
H""Y(E |ans, E* |4ns, which =0 by the inductive hypothesis.

By induction we know Ug,,, Ug,, Ug,., all exist. By uniqueness of Ugy,.,,
each of Ug, and Ug, do restrict to U, under the inclusions AN B < A,AN
B < B. So (Ug,, Ug,) = 0 € H'E |ang, E* lanp) in the LES. So by exactness,
AUr € H'(E, E¥) such that Ug — (Ug,, Ug,), unique by injectivity of the map
H"(E,E*) — H"(E |4, E* |a) ® H"(E |, E* |p).

At this stave we have ii) from the statement; for i), use the LES for k < n. We
want iii): look at

H"™E |4,E* |4) @ H*"(E |3, E* [5) — H""(E |anp, Ef [anp) — HY"YE,EY) — HY"™YE |4, Ef |a) @]
T * T XUEL%B 1 T xUg 7 XUE|A ()
H*(A) @ H*(B) - H*(A N B) — H"Y(AUB) — H"Y(A)®F

. The vertical maps are as in the statement of the theorem (in part iii)); the first
two and fourth (and fifth, not present in the diagram due to space reasons) are
isomorphisms by induction, so if the diagram commutes we are done by the
5-lemma.

Commutativity of the square %, or any of the equivalent unlabelled squares,
is just that cup-product is respected by maps of spaces. But we need to check
commutativity of + (note the Mayer-Vietoris (boundary) map cannot be com-
patible with cup-product in a naive way, because cup product followed by
boundary acting on two simplicies would have degree the sum of their degrees
- 1, while boundary followed by cup product would have degree the sum of
their degrees - 2).

Let ¢ be a cocycle representing Ur (on X = A U B). The restrictions of ¢
to E |4, E g, E |lanp are cocycles representing the relevant Thom classes. Let
[c] € H(A N B). Then dwv(c) is obtained as follows: write ¢ = ¢; — ¢, for
c1 € CK(A),co € CK(B); these are cochains rather than cocycles. Then [a] :=
dvv(c) € H*(AUB) is given by patching dcy, dc, where d is the differential in
the singular cochain complex C*. So dyv(m*c - Uy,.,) is obtained by patching
d(r*cy - @ |g,) and I(t*cr - ¢ |g,). Since ¢ |o is a cocycle, use the Leibnitz
rule: these are d(1t*c1) - ¢ |g, and I(11*cy) - ¢ g, and I* = *9: i.e. patching
n*(dc1) - ¢ |y, and T (dc2)@ |k, gives exactly such a patching of chains.

Remark: Recall the Euler class ex = ug |x€ H*(X, Z), where n = rkr(E). This
satisfies the following naturality property: for f : Y — X a map of spaces and
E 5 Xavectorbundle, f*E — Y the pullback bundle has epp = frep € HRE(Y).
A rule E - ¢(E) € H*(X) for bundles E — X with this property is called a
characteristic class; we shall see another one in the 4-manifolds course.

Example: Gysin sequence:

Hk+”(E, Eﬂ) — Hk+n(E) — Hk+n(Eﬂ) - Hk+n+1(E, Eﬁ) -
T Thom T= homotopy T T Thom
Hk(x) — Hk+n(x) — Hk+n(S(E)) N Hk+1(x) N

,where S(E) is the fibre bundle over X with fibre $"*!, made of the unit spheres in
fibres of E (wrt some metric, or alternatively the [spaces of] lines in fibres of E).
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The lower line - -- — H¥(X) — H*"(X) — H*"(S(E)) —» H**}(X) — ... (where
the first map here is cup-product with the Euler class ef) is the Gysin sequence.
This gives us another way to find out information on H*(X) as a ring, since the
cup-product enters the exact sequence - this is the first time we’ve seen this (Of
course this is only useful if we can understand H*(S(E)), but we often can).

For instance, if E — CIP" is the tautological line bundle (a complex rank 1
bundle, so a real rank 2 bundle) then S(E) = $?**1 c C"*! the sphere. Similarly,
the tautological real line bundle over RIP” has S(E) = S”. On example sheet
2 we will see that H*(CP"; Z), H*(RIP"; £) can be obtained from the Gysin
sequence (This is “strictly simpler” than our earlier computation, in that here
we are using only classical algebraic topology, wheras before we needed some
differential topology).

Remark: If E is a real line bundle, the Gysin sequence becomes (with £
coefficients) the sequence we saw before for double covers of spaces.

19 Compact Supports

In studying cohomology of manifolds, we observe empirically:

Theorem: Let M be a closed connected manifold of dimension # (over R),
then i) H"(M, Z) = Z. iff M is orientable, ii) H"(M, Z = % iff M not orientable (cf
S, RIP", ¢, Klein bottle, products etc.)

Remark: This is not true for [general] n-dimensional cell complexes, e.g.
H'(S"VSY)=Z&Z.

As with the Thom isomorphism, we might hope to prove this inductively
over sets in an open cover over M. But H*(IR") = 0, so the base case fails.
Our solution is to introduce a theory where this is not so: cohomology with
compact supports (but note that this will not satisfy the axioms of a generalized
homology theory; nevertheless it is useful).

Definition: The cochain complex of singular cochains with compat supports
C*(X) has groups C5(X) = {¢ € C(X) : 3 compact K = K, such that ¢ |x\x= 0}
(i.e. ¢(0) = 0 for o : A¥ - X with image(c) c X \ K). The usual d-operator
preserves CX(X) (¢ [x\k= 0if ¢ [x\xk= 0).

The cohomology groups of this complex, H%(X), are the “cohomology with
compact supports”.

Remarks: 1. If X is compact, C}, = C* (by taking K = X) 2. Usually, we’d
say a function has compact supports if supp(f) = {x : f(x) # 0} is compact. The
naive analogue of this would be: ¢ has compact support if ¢(c) # 0 only for o
landing in a compact set K. But e.g. if 0 € C°(R) vanishes on simplices not
lying in {0} € R, then d¢ |pn1= $(0) — ¢(N) # OVN, so this definition would not
be respected by the boundary operator. (By contrast, in de Rham cohomology
theory OF (M) = {w € AFT*M : supp(w) is compact} is preserved by dgg).

Alternative definition for C%, HY: H3(X) = lim H*(X, X\

ct’ t —>K compact, ordered by inclusion
K). If Ky C K3 are compact sets in X, X\ K; D X\ K; and there is a natural map of
pairs (X, X\Kz) — (X, X\Kj), so thereis a pullback H*(X, X\ K1) = H*(X, X\ K»).
Now if I have many compact sets K; € K, C ... or {K}sea, A has a partial or-
der corresponding to inclusions of K,, {H*(X, X \ K,) - H*(X, X \ Kp) ifa < b},
H*(X, X\ K;) > H*(X,X\Ky) > ....
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Definition: Let {G,}se4 be a collection of abelian groups indexed by a partially
ordered set A; Suppose Va,b € Adc € A sucht thata < ¢,b < c. Suppase I
have group homomorphisms ps : G, — G, whenever a < b, satisfying the

composition law thatif 2 <b < ¢ then pyc © pay = Pac. Then define lim G, = LaCa

_ _®G ,
where x € G, ~ pu(x) fora < b, = = par ()yact *

identified if they become “eventually equal”.

For x € G,,y € Gp, dc such thata < ¢,b < ¢, and then x ~ pu(x) € G,y ~
poc(y) € Ge. Define [x] + [y] = [pac(x) + pbc(y)]

Exercise: The definition of C(X) given originally, at the level of groups,
exactly had Cf, = Ugcx compact CK(X, X \ K). So the original definition of H
agrees with this direct definition (In practice, this is the more useful definition).

Note: If in the set A there’s a subset A’ such that every a € A is < some
a’ € A’, then lim, G, = lim ,, G,, since everything on the LHS gets identified

—A —A
with something on the RHS.

Example: H%(R") = Z for * = n, 0 otherwise: compact sets in R" can be
ugly, but any one lies in some Br(0) the closed ball of radius R. So we want:
li_n)lR H*(R",R" \ Br(0)), but by homotopy invariance H*(|mathbbR",R" \ Bg) =
H*(R",R" \ 0) = H*(S"™!), so we get li_n}Z, with all the maps in the sequence
of groups being the identity (if * = 1), 0 otherwise.

Remark: H}(pt) = H*(pt) = Z for * = 0, 0 otherwise, so H}, is not a
homotopy invariant. It’s not even functorial under general maps of spaces: for

So two elements in a G, are

f:X % Y there is no guarantee of anything H, 5 HX(Y). But, obviously, H}, is
a homeomorphism invariant. Suppose i : U < X is inclusion of an open set (or

a homeomorphism onto an open set). Then there is a map, extension by zero,

from HX(U) — H(X). If K C Uis compact, then we can always write K = K'NnU
for K’ € X compact. If K; € K, € UandK; = K'iNU for K; € X, excision of X\ U
shows H*(X, X\ K) = H*(U, U \ K;). Now vary over all K ¢ U and all K" C X,
and there are more compact sets in X than in U, so we have the natural map
li_n}K H*(U,U\K) — li_r>nK, H*(X, X \ K’). This is extension by zero.

Example: If U < RR" is the inclusion of an open disk, then i, : H}(U) —
H(R") is an isomorphism.

Remark: If M is a manifold, we observed that M is orientable iff we can co-
herently choose generators €; (for small open sets U in M). Again equivalently,
we could ask for generators of H,(U) for open disks U C M; H, = H"(U, U \ pt)
by our computation, = H"(M, M \ p) by excision.

We should now prove an M-V theorem for this theorem, but doing so is
fiddly; we may return to it later.

20 Cohomology of Manifolds

Recgall H%(X) = lim H*(X, X \ K). This is functiorial (covariantly,

—>KcX compact
which is unusual for cohomology) under open embeddings: U — V =

HX(U) — Hx(V).

Proposition: If X = UUV is a union of two open sets, there is a M-V sequence
-+ > HZY(X) » HL(UNV) > H (U)®H (V) » H(X) » H'(UNV) > ...;
we’ll prove this later.
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Remark: Note that the maps here are covariant maps of spaces as in ho-
mology, but the boundary map raises the degree, as in cohomology. So this
sequence does not look the same as either of those.

Recall also that in this language, M (not necessarily smooth) is oriented if
M admits a coherent system of generators e;; € H/\(U) for small open disks
U c M. Exercise: Reformulate this in terms of the existence of an “orientation-
preserving” atlas.

Theorem: Let M be a connected manifold. a) If M is oriented, there is a
unique map fM s H (M) = Z such that for U < M an open disk, fM ixey = 1.
b) If M is not orientable, H,(M) = %. Although the theorem is true in its stated
generality, we'll only prove the case where M has finite type i.e. admits a cover
by finitely many sets U; such that all U; are disks and the iterated intersections
of U; are disks or empty (e.g. this is true for M closed). We’ll induct on “type k”,
i.e. the minimal number of such sets needed to cover. The base step M = IR":
H!(R") = Z, and a choice of generator eg- proves the theorem in this case.

Choose a nice cover M = Uy U --- U Uy such that WSi = U; U ---U U, is
connected Vi. Suppose W; is orientable and W; N U, is connected, then we
have MV: H,(W; N Ujy1) — HL, (W) @ H(Ui+1) — HE(Wit1) — 0 (the 0 since
the M-V sequence immediately implies: if M is a manifold of finite type, then
Hét(M) is non-zero for at most 0 < i < n). By induction, and assuming W; is
orientable and of lower type than M, Wi,; and U1 = R”, so the start of this
sequenceis Z — Z & Z.

Let V — W; N Vi1 be an embedding of an open disk (which exists by
connectedness). Then H/ (V) — H/(Uj1) is an isomorphism, so H(W; N
Uir1) — H(Uiy1) is an isomorphism (the above map factors through the LHS),
so H(W;) — HI(Wi1) is an isomorphism by exactness of the M-V sequence,
so H,(Wiy1) = Z.

We define fW,+1 ivey = 1, where V C Ujy; is oriented via U (This does

define fWiH : H,(Wi11) — Z coherently for all open disks in Wi,1.

More generally: For W; orientable and W; N U1 = V1 1L --+ 1L V), a union of
disks (so each V; is connected orientable), we have MV: H!,(V1)®- - -@H/(V}) —
HZ(Wi) @ H](Uiy1) — H(Wis1) — 0, and all the groups in the first and second
term are Z. Again we embed open disks U < V; < U;;;. Then under the
extension-by-zero maps (0,...,0,1,0,...,0) = (£1,1), where we orient V; (the
1 being in the jth place) via its inclusion in Uj,1, there are two cases:

Ifall theimagesofthe (0,...,0,1,0,...,0)areequal, wlog (1, 1), then H,(Wi;1)
Z. by exactess of the sequence, and again we can orient Wi by declaring that
fWiH ivey = 1 for the small disks as before. If this always happens (i.e. is the
case Vi), then we get case a) of the theorem.

Otherwise, there is some i such that W;N U;, is disconnected, and images of
the map includeboth (+1, 1). Thenby exactness H,(Wi;1 = % = %. Now
if j > i+1and Wj;; = W; U Uj,1, where inductively H%.(W;) = £, W; N Uj,q =L
Va, the sequence @a H4(Va) —» HLW)) ® H\(Ujy1) — HLW;+1) — 0is

P,z 4 Z & Z —? — 0. Inductively, the map V, <> W, induces a surjection

H!(V,) — HI(W)), since we also got this from exactness at the previous stage.
So orienting the V, < Ujy; as usual, all generators on the LHS map by ¢ to
(1,1), which by exactness implies H,(W;;1) = %, proving b).
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Remark: For either manifolds or vector bundles, this means everything is
orientable if we take % coefficients.

Corollary: For oriented closed manifolds, maps have a well-defined degree,
i.e. their action on H"(M, Z) = Z.

Corollary: Let M", Y"*be closed oriented manifolds, Y ¢ M of codimension
k. Let @ € H™*(Y). Then fM a-€ey = fy a |y, i.e. we may think of ey as a “delta-

function along Y”: the LHS is fu ¢*a - U,, where Uy = vy cq—)> M, U, is the
Y M M

Thom class (the equality follows from the definition/characterization of ey). If
t:Y > M, mt:vy = Ythen o = ¢ (tubular neighbourhood theorem). So we

must prove fUY p-U, = fle forpe H"*(Y)= Z. If V <L, Y is the inclusion

of a disk, H{(Y) is generated by jxev, so it suffices to prove the result for this

p. If Vis small, vy |y=V X RF will be trivial. Then U, , |yxre= pryex by the
M

definition of the Thom class, where € generates H’C‘t(]Rk). So we have reduced
to HX (RY)(@HF(R"*) S HY(R"), which we know.

21 Cohomology of Manifolds II

Recall we used a M-V sequence for H: if X = U UV is a union of open sets, we
have --- - HL,(UNV) - H (U)®H. (V) > H.(X) > HI{(UNV) - .... The
first step in proving this is to establish a relative M-V sequence:

Lemma: Let (X,Y) = (AUB,CUD) with C ¢ A,D c B. Then 1 a LES
-+ > H"(X,Y) - H"(A,C) @ H"(B,D) - H(ANB,CND) - H"*Y(X,Y) > ...
(this reduces to the M-V sequence if Y = 0). Recall first that C*(A + B), the group
of cochains defined on simplicies lying in A or B, has a natural restriction map
C*(A + B) « C*(X = AU B), and the proof of excision says this is an isomor-
phism in cohomology (dual statement: the inclusion C,(A + B) — C(X) was
an isomorphism in homology). We now consider the following large diagram:

0
l l l

0 - C'(A+B,C+D) 5 C'(A,0)@C'(B,D) 5 C'(ANB,C'D) —
l l l

0 - CA+B S5 cw@wec® 5 CcAnB) -
l l l

0 - c@c+D 5 ooecom b ocnp -
l l l
0 0 0

The top left entry is defined to make the left hand column exact (explicitly, it
is dual to: C,(A + B, C + D) = free on simplices lying in either A or B and not
contained in C or D).

Theorem: i) All three columns are exact (in fact by definition of their first
terms) ii) the second and third rows are also exact, in particular i o ¢ = 0.
Yo =0inrow 2= 1po¢d =0inrow 1, as the groups in row 1 are subgroups
of those in row 2.

So we have a SES of cochain complexes where the SES is vertically and the
chain complexes are the rows. So there is a LES in cohomology, where two of
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every three terms vanish by ii). This implies the third term also vanishes, so all
three rows are exact.

Now we know the top row is exact, we can take the associated LES in
cohomology. Claim: this is the LES of the lemma. We have a natural map to
the first column from 0 —» C*(X, Y) = C*(X) = C*(Y) — 0, so we get a map of
associated LES but in two out of every three places this is an isomorphism, by
our initial comment on excision. So by the 5-lemma C*(A + B, C + D) computes
H*(X,Y) and we have the result.

Corollary: The M-V sequence for compact supports - - - — H1(X) —» H. (UN
V) = Hi(U)® H(V) - H\(X) » H{'(UNV) — ... isexact: let KC UL C V
be compact. Then using the previous lemma we have a LES H'(X, X\ KNL) —
H(X, X\ K)® H(X,X\ L) » H(X,X\KUL) »> H*Y(X,X\KNL) - ...
(here A=B=X,C=X\KD=X\LsoY=CuUD =X\ (KUL)). Excise
X\UNV,X\Uand X\ V as appropriate; we obtain: HUNV,UNV\KNL) —
H(UU\K)®H(V,V\L) -» H(X,X\KUL) > HY(UNnV,UNV\KNL) -
.... Observe: every compact set in X is of the form K U L for some compact
K c UL c V and every compact set in U N V is of the form K N L for some

compact K ¢ UL c V. Now take lim : we have a sequence
—>KcU,LcV compact

H (UNV)—- H (U)eH (V) > H (X) > HI'(UNV) > .... And the direct
limit of exact sequences is exact (this is an exercise in homological algebra, or
the reader may take it on trust).

Remark: the inverse limit of exact sequences need not be exact.

Now we return to thinking about cohomology of manifolds. H,(M) = Z if
M is orientable.

Some examples of Bettinumbers b;(M), 0 < j < n: for S" theseare1,0,...,0,1,
for T, 1,(}), (%), ..., (}) = 1, for o4, 1,2g,1, for CIP", 1,0,1,0,...,1,0,1, and for
RIP°Y, 1,0,...,0,1. One observes that for orientable n-manifolds, by(M) =
ky—k(M).

Poincaré Duality Theorem (version 1): If M is an oriented manifold (always
assuming it’s closed and connected), the pairing HY(M, Q) x H"*(M,Q) — Q
(a,B) — fMa - B is non-degenerate, i.e. Yo # 03p such that fM af = 1. Then
H¥(M, Q) = H"*(M,Q)* are dual Q-vector spaces (so in particular they have
the same rank).

Remark: Over Z, if ais primitivei.e. & # k-a’ fora’ € HYM,Z),lkl > 1,k € Z,
then 38 € H"¥(M, Z) such that fM af = 1 (Note that primitive elements are
always non-torsion, but the converse does not hold).

Note: Poincaré duality gives another way of computing cohomology rings,
e.g. H*(CIP"): H* = Z for k even, 0 < k < 2n. Then inductively CP" < CP”"
is an isomorphism on cohomology up to degree 2n — 2 (by MV, or cellular
cohomology). Assume H'(CP") = Za', a € HX(CP"), for i < 2n. Well, H* x
H"2 — Z is non-degenerate, @ € H? so 3p € H"2 with [a-$ = 1. And
inductively = ka""! for some k € Z = k = +1. So " # 0 and we can choose
that it generates H*'(CIP"). So H*(CP") = %. (This is basically the same as
our first proof using €cpi - €cpr-i = Opt # 0).
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22 Poincaé Duality

Recall the key theorem on the cohomology of manifolds: Poincaré Duality
(Version 1): The pairing H'(M,F) X H""((M,F) — F (a,B) + fM aB is non-
degenerate, where i) M is a closed connected [F-oriented manifold and ii) F is a
field (e.g. F=Q,or F = % for cases where M is not Q-orientable). In fact, there
is a more refined statement valid over Z.

Definition: On any space X, the cap-product C(X) N CK(X) — Ci_x(X) is
givenby o =[vg... 0N — d(vy...vK)[vk. .. 01

Lemma: d(c N ¢) = (=1)¥(@do N ¢ — 0 N d¢), by computation.

As usual, such a formula implies that the cap product descends to ho-
mology/cohomology, H(X) N H*(X) — Hj_(X). If M is oriented and closed, we
know H,(M, Z) = Z with a distinguished generator [M], the fundamental class.

Therefore, we get amap D : HYM; Z) Q- H,_«(M; Z).

Poincaré Duality (version 2): D is an isomorphism (over Z).

Relation to version 1: A computational exercise shows that: fora € Ci(X), ¢ €
CK(X), ¢ € CH(X), Y(@@an ¢) = (¢ UP)(a) € Z. Recall also (on the first exam-

ple sheet) that there’s always a natural surjection H”(X, Z) E) Hom(H,(X), Z).
Suppose ¢ € C'™* defining 1 € H' (M) satisfies fMd) Uy = 0¥¢ € H (M) (ie.
the group of relevant dual degree, in this case H"-(79), i.e. 0 = (¢ U ¢, [M]) by
definition of [M], i.e. 0 = ([M] N ¢). But PD version 2 says M N — is an isomor-
phism, i.e. if ¢ is degenerate for pairing then ¢ € ker(I';_¢). But, over Q, I is an
isomorphism (e.g. because we know the groups have the same dimension as
rational vector spaces). So in fact i) must have been a torsion class over Z, and
over Q the pairing is non-degenerate.

Remark: So over Z, if 1) is primitive as a cohomology class, i.e. not equal to
some integer times i’ for some ¢’ € H*(M, Z), with the absolute value of the
integer > 1, then d¢ such that fM ¢ -1 # 0 (in fact it =1).

Classical idea for proving PD

Suppose our manifold M can be triangulated (i.e. is homeomorphic to some
simplicial complex). Take the dual decomposition of M: we have a vertex
for the center of each face (i.e. top-dimensional simplex), an edge across each
codimension-1 facet of the original triangulation, and so on. E.g. consider the
icosahedron as a triangulation of $?, then the dual decomposition is the dodeca-
hedron; this is not a triangulation, but it is a cell decomposition. By construction
“if things work”, for each simplex or cell of the initial decomposition of degree
i, there is a unique (n — i)-cell in the dual decomposition such that it hits the
chosen i-cell once and doesn’t hit the other i-cells (counting intersections alge-

C(')riginal o Cn_i

i dual
braicly with signs). So we get a natural identification l l
original n—(i—-1)
Cia < Cyal
cell,original

(note we are taking C* on the right not C,,, so that d is compatible. So C

*
and Cl 4.,

so Hi(M) = H""{(M).

*

o (thelatter taken “in reverse”,as “Cl._*, ) are naturally identified,
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Problems: The dual of a triangulation is not always a cell decomposi-
tion. Also, not all topological manifolds admit triangulation. But if we
only care about the case where M is smooth, we remarked that M admits
Morse functions f : M — R. One can compute H, (M) from a complex where
Ci(f) = Z(critical points of f of index k), where the index of x is the number of
negative eigenvalues of the Hessian of f at x. Then d : Ci(f) — Ci—1(f) counts
flow lines of f. In this setting, if we replace f — —f, critical points of f of index
k correspond precisely to critical points of —f of index n — k (and flow lines
are the same, just in the other direction). So this gives a much nicer proof of
Poincaré duality than any other known method.

Modern Proof of PD
—n[M]

Generalize the map D : H(M,Z) — H,(M,Z) to a map D : H\ (M) —
H,_«(M), which exists even for M not closed. (Note that this map is not capping
with some fixed chain; it’s the limit over compact K ¢ M of capping with
something depending on K). Look at the MV sequence, using induction over a
covering of M.
H.Unv) - HWeH(~V) - H.WM - HYYWUNVY)
=D =D D ? =D
ank(u N V) - Hn—k(u) ® ank(V) - Hn—k(M) - ank—l(u N V)
In the square ?, one finds that dny o D = (=1)*D o dpy (checking this is
unilluminating; the reader may consult Hatcher if so desired), where k is the
degree of the HY, term at the top left of the square. The sign doesn’t depend on
which element in H’C(t(M) you start with, so (lemma) the 5-lemma still applies,
and then we can deduce the theorem by induction.
This result is very easy in de Rham theory, and beautiful in Morse theory.
A key consequence of Poincaré Duality is (example sheet 3):

Corollary: If M, N are oriented n-manifolds and f : M — N has non-zero
degree, then f* : H*(N, Q) — H*(M, Q).

23 Fixed Points

Throughout this section we take Q or R coefficients for cohomology. Let M be a
closed oriented manifold, of (real) dimension 7. Let {a;} be a basis of H*(M) (i.e.
bases for each group viewed as a vector space, a; € H%(M). Poincaré duality
implies there is a dual basis {a]’.‘}, defined by fM aiaj* = 6ijj. Let Ac M XM
be the diagonal submanifold, A = {(m,m) € M x M}. A fact from differential
topology: v_a_ = TM as real vector bundles, indeed as oriented real vector
bundles (considered as over M). A has a cohomology class ex € H"(M x M).
H*(M x M) = H*(M) ®g H*(M).

Proposition: €5 = Y,;(~1)%a; ® a*: Using PD on M x M it suffices to show
S E®M-€a = [, 0, E®N - (Li(~1)%a;@a*)VE € H™P(M), n € H'(M)Vp. From
a previous result, fX a-€y = fy a for Y — X a closed oriented submanifold of
a closed oriented manifold. So we need: fM En= foM(E e (-1%a; ® ax).
For the RHS, foM E®@n-a; ®ai* = (—1)?72 fM &-a; fM n-a;if d; = p, 0 otherwise. So
we need fME ‘n= ZifMé -a; an -a¥ ((=1)P*" = (=1)P¥*D) = 1). We want this
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V¢ and VY7, but both sides are linear in & and 7. The {4;} form a basis for H*(M),
so take n = a;. Then the statement becomes fM E-aj=Y; fM &a; fM a ja;‘, but this
last integral is 0;; by the definition of a*j so we have the result.

Note: we sometimes see this sum written as Y ,(—1)"*%a; ® a*, which is the
same by duality.

Corollary (Gauss-Bonet): If M is smooth, closed and oriented, x(M) =
fM erm. In particular, if x(M) # 0 then eryy # 0, which means TM has no
nowhere-zero section, i.e. x(M) # 0 = M has no nowhere-vanishing vector
field: recall, if E — X is an oriented vector bundle, ex = ug |x= (zero)*ug
where zero : X — E is the O-section, = s*ur for any section s : X — E
(since all sections are homotopic). But ug € H*(E,E¥) so if s(X) c E¥ then
s*ug = eg = 0. Returning to the proof, VoA = TM and so €x |a= erp. Then
fM erm = fA €a |a, which by the formula = Y (=1)% fM aa*, but the {a;} form a
basis so this = Y, (~1)frank(H*(M)) = x(M), as required.

A vector field on a smooth manifold generates a flow. The zeroes of the
vector field correspond to the fixed points of the time-e map of the flow. So
Gauss-Bonet is an existence theorem for fixed points of maps. There are more
general existence theorems for fixed points:

Suppose f : M — M is any map of a closed smooth manifold. It is a fact
from differential topology that f is homotopic to a smooth map.

Definition: f has non-degenerate fixed points if I'r (the graph of f) and
A meet transitively in M x M, ie. ¥Yp € Iy NA,p = (a,a) = (a, f(a)), T,I'5 +
TyA = T,(M X M) (%). If f has non-degenerate fixed points, each fixed point
is necessarily isolated, and each comes with a sign depending on whether the
orientations agree or disagree in (x) (Equivalently: for F = id X f : M x M —
M x M, does DF; : Ty, — T preserve or reverse orientation?)

Theorem (Lefschetz Fixed Point Theorem): If M is closed oriented and
smooth and f : M — M is smooth, if f has non-degenerate fixed points,
the number of these (counted with sign) is L(f) := Y o(-Dftr(f* : HY(M) —
H*(M)), the “Lefschetz number”.

Note: If L(f) # 0 then f has a fixed point (even if f not smooth)

Note: If f ~id, L(f) = x(M).

Proof of LFPT: The signed count of fixed points, by definition/construction,
is fM er-1(a), F1(A) being a finite set, the fixed points of f. But ep-1(5) = F*ea by
uniqueness of cohomology classes associated to submanifolds, = (id X f)*ea,
and €5 = Y(-1)%aa¥, so this is Y.;(=1)%a; - f*(a*) where a; - f*(a}) is the (i, i)
matrix entry for f : H%(M) — H%(M) wrt our chosen basis {a;}. So this is L(f),
as required.

Remark: LFPT in the form “L(f) # 0 = 3 a fixed point” actually holds for
fairly general spaces.

Corollary: Let f : CIP* — CIP* be any map. Then f has a fixed point; thus
no (nontrivial) finite group acts freely on CIP?: f induces a ring homomorphism
f* : H*(P%) O, and this ring is Qal_ 1) = 2. f*(@) =1 afort € Z, since

<azk+1:0>/
f induces a map on H*(CP*,7) = ffahy=v-add s L(f)=1+1+2+--- =
% # 0 (fort = 1 we have 1+ 1+ (> + --- # 0 at the previous stage). So
Fix(f) # 0.

A nonexaminable lecture was also given at the end of this course, but I did
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not take notes.
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