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This course has four parts: Fourier Series and Fourier Transforms, Green’s
functions and the dirac delta functions, finite domains and the classical differ-
ential equations (the wave equation, the heat equation and laplace’s equation)
and the Euler-Lagrange equation.

Part 1
FS and FTs

1 Fourier Series

1.1 Periodic funcs

f (t) is periodic f (t+T) = f(t); T is the period. Note that such a function
need not ‘“join up” continuously.

Consider {cos (”zm) sin (”zw) in € N}, both periodic on [0,2L]. Thes are
orthogonal [taking integral of product over the whole period as our vector

product]; if we let Sy, = ?F gin 21T gip AL g this is 5 fo cos de -

0 T
1 02L cos Wdz. This is clearly 0 for m # n, but otherwise if m = n it is L

- it is Ly, Similarly, Cy,p = f02 cos “FE cos " dx is 2L,y In fact, this set

L
of functions form an orthogonal basis for the space of all periodic functions on

[0,2L] - we can express any “well-behaved” periodic f on [0,2L] in terms of it,
ie. as f(x) = $ao + Yonoq Gy cos L + by, sin 2L These ay,, by, are constants,
called the fourier coefficients, and they define the function just as well as its
“normal” deﬁnition It might be hard to find them, but we can use the orthog-
onality - fOQL ) sin 22y = fo sagsin L 4+ 37 | q,, sin ML cos MAE

mL sin —Idac Which if we are assuming the function is well behaved is

%ao fo sin " dx + Yo an fo sin 7 cos T dx + by, fo sin " sin “Frdx
Which is simply Lb,,, all other terms dropping out so we can find the b, by

m” dx, and this is also

mﬂ'm J—
T fo ) sin dx; sumlarly am = T fo ) cos

true for ap; 5 X 2L f x) dx so 4 is the mean value of f on the domain.
Fourier transforms are essentially an 1nﬁn1te version of these calculations.



Note that we are integrating over a single period; any period will give the
same result.

We can also express this in terms of the period T'; a,,, = % fOT ) cos Mclt
7 fo 27”’” dt. Sometimes it is easier to scale the z values so L = 7 and
work on these rather than frequently multiplying by
Example
The sawtooth function, f(x) = = on [—L, L], has a,, = %ffL:ccos ML d

which is the integral of an odd (since x is odd and the cos is even) function on
a symmetric domain so 0; this is a general result, even functions have pure cos

FS, odd functions have pure sin FS. b,, here is + fLL x sin 1~ dz which we can
find is 2L (=)™ e f(x)=2L L (sin 22 — %SIHQW—Z + $sin27E — ).

1. The finite sums fy (z) = Z 1 bpsin 7% — f () in general almost ev-
erywhere, i.e. except for a set of measure 0.

2. There is a persistant overshoot here at x = L; this is Gibbs’ phenomenon
and will be seen in more detail in question 5 of the example sheet.

3. The smoothness of f () determines the convergence of the series - if the
pth derivitive is the lowest discontinuous derivative, the error in the n-term
series will be of order n~(P+1),

As an exercise the reader should find the F'S of % on —L <x<L.

1.2 Dirichlet Definition

If f () is a bounded periodic function with a finite number of minima, maxima
and discontinuities the Fourier series converges to f () at all points where f is
continuous and 3 (f (z+) + f (z—)) (f (z+) means limy, f (y) and similarly)
at points where f is discontinuous.

1.3 Integration and Diff of FS

FS can always be integrated termwise. If f(z) = % 0 + Yool Gy cos L +

by, sin 272 F (x f f(u)du= —ao (x4 L)+> 7, s D 77
We already know the FS for x, so we can express this F' as an FS: F (x) =
asb + LY, B LY, e sin g — LY B cos 2pE.

However, dlfferentlauon is not guaranteed to work, e.g. f(z) =1for0 <z <
1, —1 for —1 < z < 0 has a perfectly good FS but if we differentiate this termwise
we obtain a divergent series. Still, for an f which is cnts when extended as a
2L-periodic function and piecewise differentiable on [ L,L],3a FS rer of f/ (z);

suppose have such an f with f/ =g = % +>00 e e Ap =
L2l g(a)yde = L [2F fldp = {10 o A =1 ij'cos%dx -
Lfcos 205 2L Tz fOQL fsin 7% = Z%b,. Similarly B, = —"Fa,. This is very

b
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useful for PDEs, as 1f we have for example to find ¢ (z, y) for which 2 612 CARRCa 6y2 =0

we can write ¢ = T + 3007 1 an (y) cos L+ 5707 by, (y) sin 222 reducing it
to an ODE.

1.4 Alternative Fourier Representations

i nrx _jnmx .

cos"Lﬂ:l lL) sm%:i(elL —ezL),sowecanwrlte
_ 1 n7rac nmnx RO _

f(x) = 500 + Z 1Qn as y o cpe'L where ¢, =
“"'_Q’b" ,Cp = “"'Hb" ,Co = 70 This Works since cplx exps are also orthogonal,

fO2L et e M2 dx = 2Lbyn, so we find ¢, by 5= f fe ™2 . Note that there
are not more independent coefficients than before, because f bemg real gives the
restriction that c¢_,, = ¢;. This complex form has a simple derivative expansion,

. ! o0 sty _ oo A sty _ nmT ~
if ffr=>% " cae’ T and f=3"__ e then we find ¢, = 7 c,.

Half range series

For f defined only on [0, L] we can extend this either by requiring f odd or
requiring f even ; normally the latter is far easier to work with for a function
with f (L) = 0 and the former with one where it does not but f (0) = 0, though
both are formally equivalent.

1.5 Parseval’s Thm

T

We're often interested in energy, E = f % dz. If we define f=20  cneL
andg=> " _ dye L% we have fo f gdac (assummg well-behaved, as we shall

do without mentioning fromnowon)is > " ¢, > dy fOQL i gy =

> o> cndm2L6,, —y, (that is, 6,, where 0 = —m) whichis 20 Y7 cpd-

2037 cpdy. When f = g this gives 20 )

by, this is L ( +3% (a2 + b2)) [7].
Now we shall consider non-finite domains

oo |cn| In terms of a,, and

2 Fourier Transforms

2.1 Relationship to FS
Recall that f periodic on [—L, L] has f(z) = Y. .- C%L)ei% with ) =

= Y () emi"E" day the dirichlet conditions include that [~ 5 z)| dz so we
require f abs integrable, i.e. f (2)] dz has some real Value Ml, and also
f square mtegrable ie. [0 )| dz = M, € R. Then limj_ . 2LCS" =
limy oo fiL f(x)e i dx (for fixed n) is f f (x) dz, the modulus of which

is < M7 so this is real and so since 2L — oo, Cr(lL) — 0 for fixed n.



If we consider an interval on the real line, when L is small, points of the
form %7 are rare, while as L grows we have more and more points of this form
in the interval. Therefore, as L — oo we replace this set of points with a cnts

variable k.

2.2 Defn of FT

We define f (k) = lim oo 2LC\Y) (if k = 2% n = kL) whichis [ f (z) e”*da;
this is one of a class of definitions for the FT of f. k is called the wavenumber;
a wavelength X is 2%. The general FT is f = A [ f (z) e~ **da; we will use
A=1but A= é is also frequently used, especially in engineering applica-
tions. The FT has many beautiful properties; the reader should verify from the
definition:

—_~—

1. Linearity (fi1 + f2) = f1 + fo.
2. Translation: g (z) = f(x —a) = g (k) = efika:fv(k)-

3. Freq shift: g(z) = e f (2) = §(k) = f(k—ko); the astute reader
should notice this is the dual of the previous property.

4. Scaling: g (z) = f (ax) = g (k) = %f(%)
5.g(x) = f'(x) = G (k) = ik (k)
6. g(x) =af(x) =g k) =if (k).

5 is very important; if f is cnts, piecewise cntsly diffable and its FT exists, mean-
ing lim|;| oo f (2) = 0, then f_LL fle7*edy = [ f (z) e‘“”}fL—i—ik f_LL f(x) etk dx
which gives the required result as L — oo.

Concept

Say we have a problem in physical space involving derivs; these are hard, espe-
cially when they include PDEs, but if we transform into what is variously called
wavenumber, transform, fourier or spectral space it becomes simpler since PDEs
become ODEs and ODEs become algebraic; we can then find our solution and
transform back. Though not covered in this course, we can use numerical meth-
ods very effectively in spectral space, and when discretising we can use the very
efficient FFT to transform back and forth in O (nlogn) time.

2.3 Inversion of FTs
T T _ oo jnmz 0o joxe L _jnmy
Recall that % =5 et o) = > e TS [T fy)e T dy.

n=—oo n=—oo

Now for h = 7 this becomes 5= > > he'nh® f_LL f(y) e ™dy; as L — oo,

h — 0 but nh — k. So %, which is f(x) assuming f cnts at x,




is % ffooo etk [@] dk; this defines an inverse FT; for our case A = 1 at

cnts points we have f(z) = = [T % f (k) dk; compare this with f (k) =
2 f (@) e hoda,
Consider f(z) = 1 for |z| < a, 0 otherwise; this problem is important

since FTs are often used on digital samples of waves. f(k) = ffa ekt dy =
fj cos kxdxr = 2M' the inversion is easy with techniqes from the complex
methods course, but still possible with elementary methods; f (z) = + f > S”“ ka gike gl =

2 OOO smkakcoskzdk -1 fooo %d}g + 41 foo smk(a m)dk deﬁne this to be

11 + I5; this was Q3 in the DE course last year. Let I N\ a) = fooo SInAZ o —a@ g

x

for \ € Randa > 03 % = [ cos A% da = R [ e~ @24y = R () =

%(&LW) Therefore [dI = [ hed\ = arctan +c. Asa— oo, I —0,so
¢=0, and as @ — 0, I (A, @) must therefore — Esgn)\ (where sgn)\ denotes the
sign of \), so I; = %sgn (a+2),I, = %sgn (o — x), which gives f () = 1 for
|z| < a, 0 for |z| > a, and 3 for |#| = o as we would expect, since returning to
earlier in the proof we clearly have I; = 0 when z = a and I, = 0 when x = —a.

2.4 Convolution and Paseval’s Thm

We often encounter problems in spectral space involving products f~§ =h (all
functions of k) of FTs; how do we find h (z) for this? Requiring f, g have piece-
wise cnts first derivs and one of the FTs and the other function (wlog f and g) abs

integrable, h (z) = &= [* (k)G (k) et dk = =[2G (k) [7 f (u) e~ *uduer® dk;
since f and ¢ abs mtegrable we can exchange the order of mtegratlon and this
is [0 f(u) 5= [0, g (k) e* @ Wdkdu = [ f (u) g (x — u); this is called f*g
the convolution. As an exerc1se the reader should prove the dual of this, if
h = fg then h f_ (x —u)du. A corollary of this is Parseval’s
Relatmn g(z ) f*( T) = g( ) F* (k), since g (k =/~ e~ dx so

=[=.f Z’”dz and substltutmg y =z th1s is f f ) ey dy.

Then for thls f and g, h f fwg(x—u)du= f f ) f(u—x)du;
) ~ 2

this must equal 5= [* h (k) Z]”Cdk: but also 5 [* f* (k) f (k) Z’”Cclk = [ ’f (k:)‘ ek dk;

we can consider this as representing energy.

2.5 “One-sided” FTs

For f even, f (k) = A [2 f (@) e~ de = 2A [ f () cos (kx) dz; this is equiv-
alent to f bemg deﬁned only on (0 oo)with partlcular properties at x = 0.

The i 1nverse is f(z) = — fo ) cos kxdk. The convention is that we choose
A= , SO we deﬁne the FCT (C being short for cos) for even funcs or funcs
defined only for x > 0 by fc fo ) cos kxdx, inversed by f (z) =

% f 0 fc ) cos kadk; similarly for odd funcs or funcs defd only on z > 0 we have



= [ f () sinkada, f (z) = 2 [[° fs ) sin kzdx. Convolution thms ex-
1st for these but are more comphcated some are covered on the ex sheet for this
course. The usefulness of these becomes apparent when we recall that many
eqns from classical physics involve second derivatives e.g. 227%; we can relatively
easily find gco (k) and gg (k) for ¢ = f”. We choose which series to use for a
semi-infinite domain by the boundary conds - if we have dirichlet conds (f) at
the boundary we use the sin series, if von Neumann conds (f’), the cos series.
Second derivs are very important for many applications of the FCT and
FSTs. For f defined on [0,00) let g = f’ and h = f”, assume | is cnts and well

behaved and sufficiently smooth that these have FTs. hc fo 4 cos kadr =
[df oS kx} +k [ % Y sin kade = -4 |z o+ (& 4 evaluated at & = 0+ since of
course it is not defined for © = 0—) + [kf( )sinka]y” — k? [ f () cos kadx =
4oy —k% [ f (2) coskzdr = dm [—— —/{:ch( ); smularly from a

few steps back go (k) = —f |a—o+ —l—szs( ); the reader should verify hg (k) =
kf |z=0r —k?fs (k),gs (k) = —kfc (k), which is why we pick to use sin or cos
series as above.

2.6 Applications of FTs

As stated above, FTs can be used to solve ODEs very efficiently when the
inversion is possible; for example, if ¥ (z) — A%y (z) = —f (z) for € (—o0, 00)
for some fixed A > 0 and f for which the FT exists, assuming y — 0 and 3y’ — 0
as |x| — oo; unfortunately we will simply fail to find ys not satisfying these
conditions, we take FTs to obtain —k2j — A2 = —f (all of these as functions

of k) so gy = # (compare with the same result for Laplace’s equation) and

so we can find y very easily by convolution if we can find the IFT of y55= +k2
As before this is trivial with techniques from the complex methods course, but,
at least having already found the result with such means, we can demonstrate

£ ”T‘ for 4 > 0 and

that it works by elementary methods; consider h (z) =

note this is even, so h = ﬁQ Jo” exp (—x (p + ik)) da; since the function is even

its FT will be real so this is R (fW)O =R (#(#Lk)) = #2ik27 $0
g(k) = /\2+k2 is the FT of g(z) = ;i\m; therefore by the convolution thm
y(r) = 55 ffoof )exp (—A |z — u|) du; this is a very powerful result since

previously we have always had to calculate it individually for each f.

2.7 Application of FTs to linear systems

Suppose we have some linear operator acting on an input to give an output, such
as an (analogue, audio) amplifier, which can change the relative amplitudes of
different frequencies and also the phase of the parts (because it adds a delay).
Say the input or “pulse” is I (t) = 5= [*_ T (w) e™'dt; this is called the “synthe-
sis” of the pulse. I (w) is cplx; w represents the frequency; —ve w which would



initially appear meaningless corresponds to an opportunity to consider sinwt
and coswt independently. I (w) = [* I (t)e~™!dt is the “resolution” of the
pulse. We represent the effect of the amplifier or s1mllar by letting the output
be O (t) = 5= [7. 0 (w)e'dw = = [ R(w) I (w)e™dw where R (w) is the
“response” or “transfer” func (of course R(t) = & [~ R (w) €*'dw); this is a
product so we use the conv thm and obtain O (t) = [* I (u) R (t — u) du. We
take I (t) to be 0 for ¢ < 0 and by causality (there should be no response for a zero
input) we also take R (t) = 0 for ¢ < 0, so this is O (t) = fot I(u)R(t—u)du.
This makes sense; R (t) is the effect of the response to the signal from ¢ ago.
We know the input and want to find the output; typically we will get an ex-

dam— 1

pression of the form (ao% + alj;—: 4+t an) O(t) = (bodtm + b1 gt +
with m < n and ag, by # 0; for simplicity we will take m = 0 and by = 1, then

in spectral space we have I (w) = (aopi"w™ + a1i" w1+ +a,) O (w) —
R(w) = s Ta 11w 74 then by partial fractions R (w) =y wi"ém

where there is the possibility of repeated roots.
For the existence and stability of solutions to this we need % (¢;,,) < 0; then

(again using techniques from CM) we can solve straightforwardly by noting that
tk 1 (‘t

f)= T 1), (for R (c¢) < 0) has f( ) = (W 3 (repeated roots give the higher
powers on the denominator). This is the kind of response we would expect from
an amplifier - the polynomial term means there will initially be growth, but the
exponential term ensures long-term decay.

There are 3 classical equations we shall use as examples Laplace S eqn

V21/J:Oor6w+‘gyf: 6T T _y
which is parabolic, and the wave equation % — c2 a =0 Wl’llCl’l is hyperbollc
In general say we want to solve % +--=f(z ), prev10usly we have always

had to guess a PI. Now we write this as Ly = f (z) for some linear operator L.
We want to invert this to find y = £7!f; to do this we use a Green’s function
which is a G such that LG = ¢ (z — 1) where ¢ is the Dirac delta

Part 11
Second order linear ODEs

3 Generalised functions - dirac ¢/ fn, Heaviside
step fn

This course will be entirely nonrigorous

+ bm) 1(t),



3.1 Defn of § fn

We define this by its properties: § (x — ¢) = 0Vz # ¢ and ffooo 0 (x—)dy =
1; heuristically this is a zero function with an infinitely tall spike at z = 1.
We have the sampling property; for f(z) a func cnts in the nhood of ¢ we
have ffooo f@)d(z—)de = f(vb). We can define § rigorously in terms of
distributions or as the limit of some non-unique sequences; the obvious sequence
of functions — 4 is p, (z) = % for |z] < 1 and 0 otherwise, but as on the ex

sheet we can do this with cnts funcs by p, (z) = %e’”ZIZ. We do not even
need to use positive-valued functions; p,, (x) = % has the relevant properties,

i.e. that p, (z) — 0Vx # 0 and ffooo pn () dz =1, so is just as valid a sequence
as any of the others.

3.2 Properties

1. If f(x) cuts insomendoodofz:1/1fff(zf1/))dx:f(1/)) fora <y <b

and 0 for a > ¢ or b < 9.
2. 0 (at) = 8 (t) for a # 0, where by “=" we mean the two functions behave

= lal

in the same way wrt the sampling property
3. g(x)d(xz) =g(0)d (x) for g cnts at 0

4. 6(f(z) =01, fgf(_mz;‘) where z; are the simple zeroes of f,i.e. f (z; =0)

but f’ (x;) # 0; this is covered in more detail on the example sheet

5. The integral of the § fn [* 6 (¢) dy is 0 for z < 0, 1 for z > 0

We define this as the Heaviside step fn; clearly % = ¢. As is often done we will
choose H (0) = %, primarily since this is what we will get when we reconstruct it
after an FT. Notice that “derivatives get worse” - H is the derivative of f (z) =0
for x <0, z for x > 0 which is even cnts, H is bounded but § is not. We would
expect the derivatives of § to be even worse; we define them by integration by
parts [ 8 (z — ) f () dz = [ (z — ) f ()% — [, 6 (x— ) f (2) do =
,ifb le=y= [ () provided f suficiently smooth, and generally (again assuming
f sufficiently smooth) [*_ f (2) 6™ (z)dx = (-1)" £ (0).

3.3 Fourier properties of § fn

Consider f(z) = §(x) on —L < 0 < L; f(z) = D7 cpe

where ¢,, =
%ffo(x)e_% = %ffLé(x)e_mL” = 5- 50 f(z) = 5220 €L .
Since we know this must also equal > °_ 4 (z — 2mL) we have a value for
this divergent F'S - this is called Poisson’s integral formula.
We can apply this to our previous exampse: f(z) =1for0 <z <1 and —1
for -1 < z < Oshould have ' (z) =23~ 6(x—2m)-2>°_ _§(z—1—2m)
which applying this gives us that f’ (x) should be 4 (cos 7z + cos 3wz + cosbrx + ... ),

inwTx
L




which is precisely the series we find by taking the FT and then applying the
formula for differentiation in spectral space.

FT
The inversion formulais f (z) = 5= [*_ e [ f (u) e~ dudk = [*_ f (u) (ffooo %eik(z—u)dkz) du;
the bracketed term is behaving as 6 (u — x), so we can define the ¢ fn by this.
Notice that the § function is entirely local, but its transform space equivalent
is delocalised. B
S(u—z)=0(x—u)=5= [ e* == dysothe FT § (k) = [ 6 (x) e *rde =

27 J—o0
1 - an absolutely local function in physical space maps to an absolutely nonlo-
cal one in transform space. Likewise f(z) = 1 has f f_ e~ thrdy =

216 (k). For f(z) = coswz f(z) = 7 (5(k+w)+0 (k —w)); for f(z) =
1(6(x+a)+d(x—a)) f (k) = coska and similarly g () = sinwz has § (z) =
ZO(k+w)—d(k—w)), g(x) = 30 (x+a)—b(x—a)) has g(k) = sinka
[check, I haven’t] - again localised functions become nonlocal and vice versa
when transformed, and this is in general true. Gaussians are just local enough
that they are transformed into other gaussians.

H (z) + H (—x) = 0; note this is cnts at 0 because of how we defned H.
So H (k) + H (—k) = 2rd (k) |I am entirely confused as to which ds should be
s and vice versa; I'm assuming none since any are silly, but in lecture all had
tildes| but we also have H' (z) = & (z) so ikH (k) = & (k) = 1; this appears to be
a contradiction, but isn’t because y = % + C4 (x) has xy = 1 for any constant

C'; we can easily see H (k) = wé (k) + %

The reader may ver1fy f( ) = sgnx with %sgn() = 0 has f: % so f(z) =
— s for f(x) = 6™ (z) f = (ik)" so g(x) = 2" has
g (k) =27 (i)" 6™k; we can apply this to what’s known as d’Alembert’s solution
or the Cauchy problem for the wave eqn us; = c?u,,; we are given u (x,0) = ¢ (x)
and Zu (z,0) =1 (z) and want to find u (z,1). Taking FTs wrt x D2 (k,t) =
—k2c%t (k,t); take wlog ¢ > 0 then u = A (k)e**t + B (k)e < u(k,0) =
¢ (k) = A(k) + B (k) and % (k,0) = ike (A (k) — B (k) = ¥ (k) so @ (k,t) =
6 i (eickt — eiket); call this T1+T5, then Ty = 3 [*°_ (8 (u+ct) + 6 (u—ct)) ¢ (z — u) du =
1 (¢ (z +ct) + ¢ (x — ct)); the wave if not initially moving splits into two waves
moving in opposite directions with speed c.

T = ﬁffooo (sgn (x +ct +u) —sgn (v —ct —u)) Y (u) du = %f;z&t (u) du
- the height at point x is affected by the velocity from any point close enough
for the wave to have moved from there to z

Sou(z,t) =3¢ (x — ct)+5¢ (v + ct)+ 5 f”d u) du; this equation works
for a situation where mformatlon propagates with ﬁmte speed ¢, unlike laplace’s
eqn which works for e.g. pressure in an incompressible liquid where information
is propagated instantly, or the heat eqn which again requires instant information
propogation

isgn(z —a) has f=




3.4 Inhomog lin 2nd order ODEs

Ly = % + 08 (z) Z_Z +7v(x)y = f (z) (we have divided by a coeff o (x) which we
want to take always nonzero in the domain we’re interested in so that this is a
true second order DE. The homog eqn Ly = 0 generally has two nontrivial lin
ind sols y1, y2, then the gen sol to it is Ay; + Bys and the gen sol of the full eqn
is yp + Ayr + By2 where y, is some particular integral soln to Ly, = f; A, B
must be determined by two distinct boundary conds; typically when solving on
[a,b] we will either have the boundary value problem where y(a),y (b) given,
the initial value problem y (a),y’ (a) given, or possibly some other constraints
such as letting b — oo and having y — 0 or merely bounded as x — oo.

Defn of Green’s fn

A green’s fn G (x;() is defd as the sol of LG = ¢ (z — () with G (a;¢) =0 =

G (b,¢); these apply to much more than 2nd order ODEs but we shall just

use this example. Then the soln to Ly = f with y(a) =0 =y (b) is y (z) =

127G (2;¢) f (¢) d¢; G acts as an inverse to £ since L [* G (;¢) £ (Q) d¢ = [ LGf (¢)d¢ =
fab 0(x—¢) f(¢)d¢ = f(x) = Ly; this allows us to solve such a DE for general

f

3.5 Constructuon of GF

For ( > = LG = 0; we have a sol of this in terms of the homg sols G = Ay; + Bys;
similarly G = C'y; + Dys for z > (; note A, B, C, D here depend on (. We want
to find four constants from our two boundary conds; we can only apply the first
cond to the ¢ > x part since it is for a minimal value of z, so Ay (a)+ Bys (a) =
0, similarly Cy1 (b) + Dy2 (b) = 0. We need two conds at the x = { join; clearly
we have G cnts at © = ( as were it discnts we have at least a finite jump in it
so €  §(z — () or worse and so ”LZC; x ¢ (x — ¢) or worse, but there is no
such term in the DE. So we have Ay; (¢)+ Bya (¢) = Cy1 (¢) + Dy2 (¢); we need

one final condition. For an eqn of the form we are trying to solve, the jump
da 16+
[H]gf

%, in general it would be é We obtain this by integrating the defn of the GF

Che @2 Cre Ce Che
so we have f<76 ”éﬁdm + [0 ﬁ%dm + [ V%dx = Jo . §(x—¢)de = 1.
Since G, %, 08,7 bounded the second and third integrals — 0 and we have the
condition stated above by taking the limit as e — 0, so Cy} (¢) + Dyb (¢) —

Ay () — By, (¢) = 1. We now have four conditions so can find A, B,C, D.
Note that when we now use this to express y, y(z) = f;G(z;()f(() d¢ =
J7 (Cy1 Q) + Dy2(0)) f () ¢+ [ (Ay (€) + By (0)) f (€) dC; the “upper” and
“lower” parts are reversed since we are now integrating wrt ¢, so ( < x when
x > ¢ and vice versa. G (z;() is in fact symmetric in z, C.

We do not need the homog BCs: G solves the forced problem with homog
BCs, but since the problem is linear we can add a sol to the unforced problem

must = 1; this is only true where we have divided out « the coeff of
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with inhomog BCs to construct the general solution.

Notice how the GF adds up the contribution of the forcing over the length of
the domain. We can interpret this by example; a string of length L suspended at
both ends at height 0, with mass p (2) per unit length at tension 7' () moving
only vertically and with small deflections y << L.

If the string is at angle 6, above the horizontal at some x and f.at x + dz,
since we are assuming no motion in the x direction the forces in this direction
must be balanced and T (x) cos 0y = T (z 4 &) cos b5. Since deflections are small
the 0; are small and cosf; ~ 1, so T () = T (z + §). Now in the y direction,

T(a:)sineg —T(x) sin91 uworg = uéxg;y; sinf; ~ tanf; = ay |m;sin92 ~~
az |w+6z~ 5 | —|—5x R Substltutmg this back into the equatlon T(Sx

worg = pox gtéj SO Ta ) — g = “W’ this is the forced wave eqn, which reduces

to the wave eqn for a hght string w— 0.

2 2
If we take the static problem 2 5; = 0 we have Td = ug or ZTy =Lg=[(2).
If f () is constant (i.e. p(z) constant) this gives y = £%a? + kyx + ko; if we
require y = 0 at x = 0, L we have y (z) = £a (x — L). C0n51der a light string

with a heavy point mass of mass m attached at x = (. This forms a triangle
with the string to the left of the mass being at angle 6; above the horizontal and
that to the right at 6s; there is the same tension T on both sides and we have

T (sin 6y + sinf2) = myg; the 6; are small so T' (—# - %(—fé) =mg = f(¢) so

y(¢) = ML and the soln is y = £ (¢) X2 for 0 < 2 < ¢, f(¢) B for
¢ < x < L. These are linear as there is no force anywhere except the point mass,
SO Tg;; = 0. The reader should apply BCs to show y = f (z) G (x;(); the GF
is the response from a completely localized force. Now if we imagine N masses
attached to the string we have y (z) = Zfil fi () G (x;¢;) as the problem is
linear [recall the string has natural length L]. Now if we take a continuum limit
we have y (x fo — () d¢. As a very important exercise the reader
should show that for f( ) = pg constant we can recover y (z) = &z (v — L)
from this.

2.5 Application of GFs to IVP and rel to response fn

Ly = f(x) for z > a, y,% = 0 at £ = a. We construct a Green’s fn for
LG =0(x—();fora <z < (LG =0s0oG = Ay (z) + By2(x); apply-
ing the BCs Ay; (a) + Byz (a) = 0 = Ay (a) + By, (a). Since yp,y2 lin ind
this gives A = B = 0so G = 0 for a < < (. Though this might ini-
tially seem problematic it is actually good as it means G = 0 for ( > x;
for fixed ( G is nonzero only on a finite interval (see the end of this para-
graph). For 2 > ¢ G = Cy; + Dys and by continuity, Cy; (¢) + Dy2 (¢) =
0, Cy1 (€) + Dyh (¢) = the j Jump in ﬁ , which we are assuming to be 1. The ba-
sic sol is then [ G (;¢) f (¢) d¢ = fanQf yd¢ + [ G (x:¢) f(¢)d¢ =
fax G (z;¢) f (¢) d¢ and we have causality - y (z) is determined by the forcing or
response between a and x.

As an example, to solve & 5% +y = f(x) with y (0) = y' (0) we have G = 0 for

11



x < (,Csinz+D cosz for x > (; by continuity we have C'sin {4+ D cos( = 0 and
from the jump condition C'cos¢ — Dsin¢ = 1, so C’ = — DS and G( i¢) =

sin C

cos(sinz —sin cosz = sin (x — () for x > (. So y (= fo ) sin (x — ¢) d¢;
note the resemblance to the convolution of an FT h (x f f (z — u) du.

If we instead take the F'T of this eqn, convertmg to time we have dt2 +y=

f(t) so w2§+gj*fand (17w) =f. ecallthatxyfléy*—Jrcé( )

so g = lwz—l—clé(l—i—w)—i—cﬁ( w) = w+1)_2(w 1)—|—c16(1—|—w)+
20 (1 —w). Nowwehavethatforh():sntH() g (t) =sint, f(t) = H(t)

h= gz [T F () § (@ —u)du= 52 [ (76 (u) + zh)%(é(w—u—l)—é(wwﬂ)):

m - 2(%_1) +Z0(w—-1)-F0(w+1)soy = fh and by the convolution thm

y:fjooof(u)sin(t—u)H(tfu duffo u) sin (t — ) du.
To see why these two methods are equlvalent, consider a damped oscila-
tor; we get an eqn of the form < o5+ 2p + (p* +¢*) y = f(t) so taking FTs

(7w2 + 2piw + p? + q2) §=fand §= W which we can consider

wt

= 7 t
as Rf, then Yy = fOR(t*T)f( )d’l' where R f_ mdw
A e e i

0 (t); R (t) is the GF. Therefore the GF is sometimes called the impulse response.

3 Sturm-Liouville

A correction; where ¢ (and on a few occations, also ¢) was used above, £ was
meant; this should not affect anything but some readers might be confused by
the change of variables between previous sections above and this; £ is the correct
notation inasmich as it is that used in the lectures and on the example sheets.

3.1 Motivation and def of self-adjoint operator

If Ay = Ay for A a matrix and A € C,y a vector then A is an eval, y an evec; we
want to generalize this to diff operators. The equivalent prob is d SL+8(x )

v(z)y = Ly = —AK (x) y; wlog we take K real and positive, for A some scalar

This can always be written in canonical SL form Ly = — d% (p (x) %) +q(x)y =

Aw (z) y; w the Weight is wlog real and positive as before, by multiplying by
_eJF Bw)du, 7d_ ( I B(u)dud_y 7761‘” B(u) du) = MK (z) el” B(u)duy ie. p =

efmﬁ(“)d“,q: —fyef B(u ,’U_): k(z) ef ﬁu)d“
Ly = f% (p (x) %) + g (z) y is the SL operator
If a mat A is self-adjoint A = AT (recall [except we haven’t done it yet]

azj = a};) we know it has real evals A and for distinct A the associated evecs are
orthog and form a basis for the underlying vec sp.

For a general operator £ on [a, b] the adjoint of £, LT has the property that
V pairs of functions yi,y2 satisying appropriate (see later) BCs, f; y1Lyadr =

12



f; yo LYy d; [unintelligible comparison with matricies].
If £ = LT we say L is self-adjoint; the SL operator is sely-adjoint w/ appropri-

b
ate BCs as fab 1 Lysdr = f: Y1 (7% (p (z) dyz) +q(z)y ) dr = [ ylp‘gf} +
b 1 2 2 b 1 1
[y (2) L2 4y g (2) yodo = [ ym‘iﬂaﬂyzp‘ﬁ] +f —yp A ( z)%)Jr
y1q (x) yodx = [p (ygﬁ -1 ‘3’;)} + fa yoLy1dx, so L is self-adjoint provided

b
T = {p (y2 ddy; — ddy;)L is 0 because of BCs on the y;, e.g:

1. y=0,y =0 or even y + ky’ = 0 for some constant k at x = a [and b].

2. y(a) =y (b) and y' (a) = y' (b)

3. p(a) = p(b) = 0; this means «a, b are singular points of the ODE

3.2 Properties of self-ajoint operator

Evals are real as glven Ly, = Anynw taking the cplx conj we have Eyn = A yrw
S0 fa yn Lykdr = fa Yn AL wyndm but since £ is self-adjoint this = f yi Lyndr =
f; Anynwyl so (N5 —Ap) fa w |yn|? dz = 0; the integrand is always positive so
Ar = A Le. Ay is real.

Efuncs of distinct evals are orthog in a particular sense: say Ly, = Apynw, LYy =
A YmW, Ap, # Am. Then f; YmLyndr = f; YnLymdzx by self-adq, so A\, f; YmWYndT =
Am f: Ymwyndx and (A, — \p,) fab Ymwyndr = 0 so fab Ymwyndzr = 0. Thus we
can create an ON set of efuncs by Y, (z) = \/% and fab Y wY,dr =

L wyZdx

Omn. Without proof, this set is in fact a complete basis; any func f(z) on
[a,b] w/ the same BCs as the efuncs (e.g. f(a) = f(b) = 0 can be ex-
pressed as Y - anyn (z) = >0 AY, (2) (A, = an\/f wyndz) if we mul-
tiply this by w (2) Y, () and integrate over [a,b] then fa f (@) wYy, (z)dx =
S An f: wY,, (x) Y, () = A,, by orthogonality; we have properties very
much like the F'S though note the F'S is not generally normalized.

We have a Parseval’s Thm: consider I = f: w(@) (f(x) =300 ApY, (2)de =
f; wfide—23"" | A, f; wfYpda+Y " And o A f; wY, Y, dr = f; wf?dr—
2% JAZ Y A% = f; wf?dz—> 77 A2, but by the above completeness
we know I =0 so fab wfide =300 A2

Note that if the basis is not complete e.g. if the operator is not self-adj, we
have the above I > 0 so only f wf?de > Y07 | A2, Bessel’s ineq. This makes
sense - the series is incomplete, so it does not have as much energy as the full
function.

Returning to the case with a self-adj op, Sy (z) = ZN AnY, (z) has
limy oo Sy () = f () (except at discontinuities as with FS); the mean square
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error in representing f (x) by Sy (z) is ey = f;w (f = Sy)*dz — 0as N — oo;
how does en Vary with A;?

e — 2 [P (f SN ALY, )ndx = 2 [P wfyde+2 YN Ay [0V, Yide =
72A1 + 2A; = 0, so the actual A; are an extreme point of the (root mean square)

error, and we can easily show that it is in fact a minimum; the efunction eqn
minimizes the rms error between the finite sums and the actual f.

3.3 Example of SL problem; example of the important tech-
nique of separation of vars

Say we have a light unforced finite string of length L; & 6t2 =c? ng with y (0,t) =

y(I,t) = 0. The initial conds are y (z,0) = ¢ (z), 2 5 (2,0) = ¢ (v) given and

the problem is to find y (z,); we use separation of variables i.e. assume this is

X (x) T (t). Ignoring points where either of X, T are zero this gives us g =c? )g(” ;

the LHS depends only on ¢ and the RHS only on x as last year so both must
be = some constant —Ac2. Then X" + AX = 0,7 + AT = 0; it is quite
common to get SL equs from separation of vars (we can write e.g. the DE for
X as —L (142) + 02 = 1Az. For A < 0 X = Acosh (v/—Az) + Bsinh (v—Xz);
applying the BCs, X (0) = 0= o = 0,X (I) = 0 = [ = 0 so there are no
nontrivial sols; we take A > 0 (meaning —\c? < 0; ¢ being real is a reasonable
assumption) and then X” = —AX so X = acosVAz 4 BsinvAz; X (0) =0 =
a=0,X(I) = 0= BsinvAl =0 so we have an infinite no. of sols /A, = 2F

. 2 2 .
i.e. Ay = "5 for integer n.

The efunctions Y, (z) are \/Z sin %%, [should this constant have some n
dependence? Probably not| or 3, sin #7%; these are called the normal modes of
the system. Note n = 1 gives only a half period of the sin wave in the string;
n = 2 called an overtone is the first full period

For the time dependence we have T}, + n=0s0T, (t) =, cos 25
Op sin "E‘t a specific sol to the problem is then y = X, T, = sin *7* (A cos <t ”mt + B, sin %Ct)

for new constants A

n 7'l'2(,2

nwct
T T

n = g—z, B, = B . Since the problem is hnear we can add

these to obtain the general sol y (z,t) = >0 | (A, cos X< + B,, sin 22¢) sin 22

this is a FSS with the bracketed terms being b,. So to apply the IC y (z,0) =

¢ (x) =07 | Ay sin 2 we just calculate the FSS of ¢ A, = £ fOL ¢ (x) sin M2 dx,
or we can use the orthogonahty of these sols to obtain exactly the same expres-
sion.

%y (ZL', 0) — 1/) (SC) — ZOO (*An nzc gin nmet nmct B nTrc sin nﬂ'ct) sin REZ. 4t

n=1 L L L ’
t=0thisis> >~ | B, “2E sin 1 and again we can easily ﬁnd B, = = 0 ) sin “FE d;
as an exercise the reader should find the deflection of an initially plucked string
px)=2for 0<z<d, =2 ford<az<L.

Note we can generalise SL theory to complex y,, p, ¢, w as is done in the QM
course
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3.4 Inhomog BVPs

SL theory can also be used to solve inhomog problems of the form (E — S\w) y=

f () where £ is an SL operator and X not an eval of it (i.e. not A, for any n; this
is analagous to finding a CF and PI); let f = wF and say the problem is on [a, b]
w/ appropriate BCs. Expand F (z) = Y.~ | A,Y, (z) and try to find a sol of the

form y = Y 0° | B,Y, (z); we have Y " | B, (EYn — S\an) =w) ~ AY,
ie. >0 By ()\ann — S\an) =wd " AY,, and now it is clear why we

need \ # A\, Vn as otherwise the bracket would be 0. Multiplying by Y,, and
integrating the RHS becomes » . ° | fab wARYnYndx = A, by orthogonality,

~ b
while the RHS similarly becomes B,, ()\ — )\). So By, = /\ATS\ = L wFYmde

Am—A
fg Yo fdx oo
)\m_)\ SOg*Zm—l fa

™ _f(g) d€Y,, (z); again this is remniscent of a GF. If
= § (x — &) in this form, take § as being wF =

f and then 5 (o — €) — znzlcnyn( 2),Co = [} (@) ym (2) 0 (x — &) dz =
w (€)Y, (€) by the sampling property so 6 (x — &) = > o, w (§) Yy, (§) Y, (2);
initially this might seem wrong because the ¢ function is symmetric in z, £, but
in fact this = Y 02w (2) Y, (2)Y, (£), since wg))é (x—§) = %5 (x—¢&) =

w

0 (x — &) by the sampling property.

For the finite string and w = 1 0 (z — £) = 2 3°°° | sin 2% sin “78; we can
see that in general § (x —§&) = > 2 w(§) Y, (5) Y, (x) has the correct sam-
pling property: if g(z) = Y7 | D (2) Yy, (z) then fabg ()6 (x—&)dx =
S Sy DY (€) [y w (2) Yoy (2) Y (2) d = Y5y Do Yo (€) = g (€). Re-
call that the GF G (z;€) for this problem satisfies (,c - Xw) G = §(x—&);

putting w (z) F (z) = f () = (x — &) wehave wF = w (z) Y07, Y, () Y, (§) =

n=1

w2y AnYy ()50 Ay =Y, (€). Then G (2;€) = Yore_y BV () = Yope_y Yl&l¥ale),

m=1 Am —A

b
y=>,Y () (f o (g)f(g)dg) with the bracketed term being B, and this
= ( o, Yalllala >) F(€) d¢ with the bracketed term being the GF.

n=1
TI

Part III
PDEs (using sep of vars)

1 Classification of PDEs (non-examinable)

2nd order linear PDEs have a general form a (2, y) wz.+2b (2, y) u$y+c (@, ) Uyy+
d(z,y)us +e(z,y)uy + f (z,y) =0 with ¢ # 0 anywhere (u, = —Z etc.); then
let £ =x+ Py, v =a+dy for B # ¢ and uy = (e + Nty = Ue + Uy, Uy = Bue +
du, and the eqn becomes (a +2b8 + 062) uge +2(a+b(6+ 5) + ¢B0) ugy +

15



(a+ 2b5+c52) Uyy = G (u,ug, uy, &,n) where the RHS is some horrible but
non-second-order function. If we choose 3, § to be the roots of a+2bA+c)? (i.e.
equal to \; = —b £ v/b? — ac) this becomes % (ac — b2) ugn = G, the canonical
form. There are three situations: b? > ac gives the \; real, the eqn is called hy-
perbolic, and these define characteristics € = 4+ A1y, n = £+ Aoy. If b2 < ac the
Ai are cplx and the eqn is called elliptic, and if b> = ac there is a repeated A and
the eqn is parabolic; respective examples are the wave eqn, laplace’s eqn and the
diffusion eqn. For example for the wave eqn ys — cyz, = 0 the characteristics
are x + ct,xr — ct.

2 Laplace’s Eqn

This has the general form V2 = 0 in some domain D subject to some BCs
on §D; if ¢ is given these are Dirichlet conds and 3! sol, if (7i- V) is given
these are Neumann conds and the sol is unique up to an additive constant. We
consider sols in various geometries:

2.1 3D Cartesian Coords

Yo + Pyy + 2. = 0; we separate vars as ¢ = X (2) Y (y) Z (2); this is legit as
if we find a sol by this method we know it is unique; substituting into the DE

XTH };” 27” = 0; as before each term must be const so we have two indep consts
X = N, Y =~ and then Z7 = N+ i, We need to find the evals Ay, i,

and assoc efuns X;,Y,,,Z; ,; then GS is ¢ = Zl,m X1 (2) Yoo, (y) Zim (2)
with the a;,, determined by BCs.

As an example, consider heat conduction in a semi-infinite rectangular bar
0<z<a0<y<b0 <z heated at the end “plate”; ¥, = kV?1, the steady
sol is kV%t = 0. Our BCs are v (z,y,0) = 1 as this end is heated, v (0,y,2) =
¥ (a,y,2) = (x,0,2) =1 (x,b,z) =0 as the surroundings are cold and ¢ — 0
as z — oo since this is the only way it makes physical sense; the astute reader
may be concerned about the edges of the front face (z,0,0) and similar, but we

shall see these are in fact ok. We solve X" = —AX with X (0) = X (a) = 0,
finding \; = ZZ—ZQ,Xl = \/gsinl’TTz for I = 1,2,... (we normalize for conve-

nience though since we will be multiplying by a constant this will be irrelevant);

2,2
m- T

similarly i, = #57—,Ym = %sin n

o= for m = 1,2,.... Now we solve the z-

2 2 2 2
dep: Z" = (L + ™) 72Z; ) - 0as 2 — 00 s0Z = fexp| —/ & + %7z ) so
a b a b
) %) 0o sommy ol 2 m?2 .
v (z,y,2) = = Dot D met Gl SN 77 sin X exp (—, [+ 7TZ), Qi are

mny Iz .

determined by the end plate cond so 1 = \/% > Do i sin Y sin 2
this looks like the generalisation of a half-range FSS. This means the edges
previously mentioned are fine - such a sin series is also a sol of the end plate
temperature being —1 for —a <z < 0,0<y<b, —-lonl0<z <a,—b<y<0,
lon —a<x<0,-b<y <0 and similarly in a “checkerboard” pattern in place
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of the end of the bar; at x = 0 (and = = a, and y = 0,b) there is a discontinuity
from 1 to —1 so the sin series here will take the value 0 which is precisely what
the other applicable BC says it does.

We therefore solve using orthogonality; multiplying by \/% sin 222

qrx
n=

(since this is the normalized eigenfunction; we could equally well express the
function as Y°;7; >0 ) Apy sin ™ sin 2 but that would make this calcu-

b
lation messier) and integrating over the plate \/L— fob Jy (1) sin EZZ sin 954 =

S0 Sy aum (3 g sin 22 sin 452 ) (2 [ sin 222 sin P2dw) = Y372, 0% immgdtp =

apq (note that the bracketed 1 in the first expression is the temperature on the

plate; any function with a FSS would work equally well) so a,q = \/be o A-DHa-(-1H =

16 3°72, oo sin((2m—1) 22 ) sin((21—1) 22 ) c
©2(21—1)(2m—1)

si

Gpq SO apq = 0 if either of p, ¢ even 8Vab g, p,qodd and ¢ (z,y,z) =

) 7'['2
21—1)? 2m—1)2
where k7 = ( a2) 4 ¢ e )~

As z — 00, kj,, increases faster for higher values of [, m; the solution becomes
dominated by the [ = 1, m = 1 component or mode.

Notice that for the square bar a = b the evals are degenerate (ki = ki)
but the efuncs remain orthogonal; this is analagous to the situation where we

1 00
have a real symmetric matrix with a double eval, e.g. 0 1 0 | hasevals
0 0 2

1,1, 2 but its evecs eq, e, e3 are still orthog.

2.3 Laplace’s eqn in plane polars

z=rcosh,y =rsinf and V2t = 0 becomes +-Z ( W) + = gzw = 0; as before

T Or or
we separate variables, this time as R (r) © (), then we have %” = (r R =0,
so put % =A% (rR") = X; X is the separation constant (evalue), as an

example consider a circular ring of radius 1 but bent upwards and down so that
its height above the plane at each point is some f () and a soap film stretched
across it; how does the film hang? Our BCs here are that f (27 +6) = f(6)
and v (0,6) must be bounded. We use three steps:

We solve ©” = —\O with periodic BCs, period 27, to determine the possible
vals of A and assoc efuncs; A = n?,0,, (0) = a,, cosnf+b, sinnd forn =1,2,....
We also must allow n = 0; ©¢ (0) = %ao + bof which must simply be %ao by

periodicity; we take the % for convenience so we get an FS at the end.
T

Next we substitute our possible A to obtain - (rR.) = Ap; for n > 0

this gives 7 (rR!)" — n’R,, = 0; we try R o r?, then we have 5% — n? = 0,
s0 Ry, (r) = epr™ 4+ dpr™™; ¢ is bounded at 0 so this is ¢,r™; if we wanted to
look at outside rather than inside the ring we would take the other solution
(we can look for a sol for both, but will simply get the two different types
of sol inside and outside the ring); when n = 0 (rR))’ = 0 so R} = % and
Ry = ¢co + dp Inr; by regularity when r = 0 we have dy = 0 and redefining our
constants ¢ (r,0) = $ao + > _p; (ay cosnb + by, sinnb) r"
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Finaly we find a,,b, by the BC ¥ (1,0) = f(0); we have f(0) = %ao +

> o0° | @y cosnb+by, sinnb; this is just an FS, f has period 27 so a,, = % 027r £ (8) cosmbdb, b, =

% 02 " f(0)sinnfdh. Notice that as before the higher harmonics are localised,

this time close to the boundary r = 1; for large n, r™ — 0 quickly away from
this boundary.

2.4 Laplace’s eqn in spherical polars, Legendre polys

x =rsinfcos ¢,y =rsinfsing,z = rcost; dV = r? sinfdrdfde, r = |(x,y, 2)|,

0<¢<2m,0<0<m V% =0 becomes T%% (7’2%’7{’) + TQSline% (sin@%—’é’) +
)

T8 097 = 0. While it is possible and indeed very worthwhile to solve this
fully, we will consider only axisymmetric disturbances, i.e. there is no de-
pendence on ¢, ¥ = R(r)© (0) and multiplying the above by [Tc—; we have
%% (r2 dR) + OsmGddO (sin@%) = 0; as always we put this = A + —X and
(sin 0O’ ) + Asinf6 =0, (T2R)/ — Ar = 0; we use a three step method as before.

The sol to our eqn for © is not immediate, so we use a common trick; we sub-

stitute # = cos @ (not to be confused with the co-ordinate z), then -4 = 92 4 —
X

— sin@% and the eqn becomes — sin 91 (sin9 (f sin@d@)) + Asin O = 0; as-
suming everything is well behaved thls becomes —% ((1 — ) %) = \O; this
is an SL form defined on [—1,1] (recall x = cosf for 6 € [0,7]) with w =
1, = 0,p = 1 — 22; this is called Legendre’s eqn. We try to find a sol bounded
n [— 11]byser1es® P n";wehave(1—x)fl—(2)—2xd@+)\®:0
n(n+1)—X\
(n+1)(n+2)
lin ind sols given by ay # 0,a; = 0 and ag = 0,a17 # 0. As before we

use the fact that our £ = cosf series must be bounded; our lin ind sols are

so substituting and equating coeffs, Unta = an, and we have two

ao (1+%?$2+ SAG=N) 4 —X(G—kﬁ)!(QO—k):L_f;_’_-“) (er 20,3 | (122N@N 45 )

which by the ratio test converge for |z| < 1 but diverge for x = +1, so for the

series to remain finite here it must terminate; a,,+2 = 0 for some m so A, =

m (m + 1) are the eigenvals; our sols are then polys of deg m, the Legendre Polys;

these are called P, (x) up to scaling; by convention these are scaled so Py, (1) =
. . . 1

1 rather than being normalized; in fact [~ P2 (z)dx = 5 )

0,1,2,3,4 have A = 0,2,6,12,20 and Py, () = 1,2, &=1 52’3z 3507302743,
of course in terms of 6 these are 1, cos6, mf_l, .... The m roots of P,, are
all in the interval [—1,1].

The P,, are efuncs for distinct evals of an SL problem so orthog; w = 1
from the eqn so f_ll P, (z) Py () = 0Vn # m. We can use Legendre polys
as a basis for bounded funcs f(x) on [—1,1); f(z) = Yo" 5 anPn (z) where
an = 251 1 (2) Py (2) .

Returmng to the original problem, ©,, (§) = P, (cosf) with A = n(n+ 1);
for the r dependence (r QR')/ —AR=0s0 (TQRI)/ —n(n+1)R=0. Trying R x
7? we obtain 3(8+ 1)r® —n(n+1)r® = 0 with sols 3 = n, — (n + 1); this 1s

reminiscent of the circular domain problem above. So ¢ (r,0) = Y77 | (an,r™ + nﬂ
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Finally we determine a,,, b, by applying our BC % (r9,6) = f (0) and asking
whether we want sols for » < rg or r > rg; as before if we ask for a sol for both
we will just get two sols in different form for inside and outside which match up
on the boundary.

For example, if we are solving for » < 1 with ¢ (1,60) = f (0) regularity at
r =0 gives b, = 0Vn , so f(0) = D7  anP, (cosf); as above we can find
an = 2t f_ll F (z) P, () dx where F (z) = f(0) when x = cosf. See Exs3q3.

2.5 Generating Fn

Consider an electric field w/ point charge e one unit away from the origin in
the z direction. Say we are at some 7= (r, ) in axisymmetric spherical polars;
the potential here is ¥ (r,0) = % where p is the distance from 7 to e; p = |7 — 2|

so [p|> = (F— 2) - (F— 2) (where % is the unit vector in the z direction) which

is r2+1—2F- 250 p> =12+ 1—2rcosf and ¢ (r,0) = m, but

we know V?21) = 0 everywhere except 2 since there is no charge density any-
where else. We look for sols to this, which we know take the form ¢ (r,0) =
S (anr™ + %) P, (cos®), with r» < 1, so b, = 0 by regularity at the ori-
gin; the sol is unique so we must have > a,r" P, (cosf) = m

or Y0 janr" Py (z) = \/ﬁ, squaring both sides and integrating between

—1 and 1 the LHS here becomes Y °_ @, 7™ Zn o ant" f P, (z) Py, (x) do =

S pa2r? 1 (P (x )) dz and the RHS lsf LT dez— e Ty

where y = 2rz; thisis — 5= 1og (1 + 72 — y) 27" (log (1 +7r? 4 2r) log (1 + 72— 2r)) =
L (log(1+7) *1Og(177")),10g(1+7’) :r7—+—7... log(1—r)=— (T+ﬁ + §+)
so this is 2%4—%—#25—’;5—#- =3 2n2+1r which from before = Y07 aZr?" 11 (P, (z))* dx

so choosing P, “normalized” so that the 1ntegra1 is 5 we have a, = 1Vn in

n+1
our sol to Laplace’s eqn and >~ P, (z) " = ﬁ, this is the generating

function since the reader may check by examples that dt" (\/#W) lt=0=
n!P, (x).

2.6 Laplace’s eqn for large r

Say we place a neutral conducting sphere of rad rg at the origin in a previously
uniform electric field, and want to solve for the new pertubed electrostatic po-
tential V.

E = —VV, V2V = the charge density 7;% which is here 0 since there are
no charges in the far field.

The original field is E = Ey so originally Vo = —Epz (we take the field in
the z direction for convenience).

After pertubation we know V21 = 0so ¢ (r,0) = >0 (anr™
[using axisymmetric spherical polars|; we want v — —Epz = V) as r — o00; note
that this is unbounded. So we take a,, = 0 for n = 0 and n > 2 but a; = —Ep;

19

b ) P, (cos )



our conditions only define V up to a constant so we can wlog take V = 0 on
the line z = 0 i.e. § = 7; since the sphere is conducting we then have V = 0
onr=rg;s0Vonr=rgyis —EyroP; (cosf) + :—2 + I;—%Pl (cos@) + --- = 0V so
bp = 0 and by orthogonality [I don’t quite follow this] we have b, = 0Vn > 2

and by = Egr® so the full sol is V = —EgrP; (cosf) ( — :—‘E)

2.7 Connection with electrostatic multipoles

Consider charges placed nonuniformly but axisymmetrically inside a sphere.
What is the induced potential?

V(r,0) = Y300 bpr~ ("D P, (cosf); in the absence of a uniform field, V
must be bounded as r — oo so a,, = 0. The bTU cpt from n = 0 is called the
monopole cpt; it behaves indistinguishably from a point charge at the origin,
it is completely isotropic (of course it is the combined result of the total net
charge at r = 0); when n = 1 we get blfﬂ%ﬁ, a dipole field as we would get from

2
0—
two charges +q close together; then the n = 2 term is bg% which is

the quadripole field as from a square of charges with diagonally opposite ones
having the same charge, and so on.

This shows the utility of uniqueness; we can construct the sol any way we
want and then gain useful intuition and properties from the way we constructed
it.

3 Wave Eqn
Ut = Pgg, u (2,0) = ¢ (z), 2% (2,0) = 1) (z). The characteristics are { = z+ct
representing motion to the left and n = x — ¢t for motion to the right. a% =

%B%Jr%a% = 6%+8%7 2= 06%*06%7 so the eqn becomes ¢ (;—; + 86_7722 - 2%;7
? (59—;+66—;+2%;7)uso a%(g—?) =0 ie. g—g =f(m)sou=["Ff(u)du+
g(&) = f(n)+ g (&) for some n,&; sols propagate along characteristics (n const
or £ const) without changing shape; these are lines £ = &§ = x + ct ie.
t = E"% and similarly for 7. In particular, discontinuities can propagate
along characteristics e.g. if ¢ () = 0,¢(x) = H (z); recall if ¢ = 0 then
u(z,t)=3%(¢p(x+ct)+d(x—ct)sou=3(H(x+ct)+H(x—ct));att=0
we have u = 0 for z < 0, 1 for x > 0 while at later time ¢ we have u = 0 for
r < —ct, % for —ct < © < ¢t and 1 for x > ct; the discontinuities are moving
away from the origin at speed c; shocks propagate along characteristics i.e. at
speed ¢

Consider a wave y = R (Aei‘”(t_%)) for A € C; |A| is the amplitude, this
is a wave of freq w travelling to the right at speed c¢; arg A = ¢ is the phase;
in reals the eqn becomes |A|cos (wt — kx + ¢) where k is the wavenumber 27“
where X is wavelength so w = ck.
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Consider the ﬁnite string problem % = 02% with y (0,¢) =y (L,t) = OVt
and y (2,0) = ¢ (2), G (2,0) = ¥ () ,c = T ie. ppemsion o,

y(z,t)=>", (A cos 27 + B, sin ”“Ct) sin 7% where A, = ¢ fo ¢ () sin 222dx, B, =
9y

L
WLL fOL sin #7* dr; KE which is normally 1 2mv will then be K = f ‘ 5 ‘ dzx;

i
2
the PE of a small elt is tension x extension = T (dy — ox) =T (\ [1+ (a_z - 1) ox

2
[T think §(length) was meant by 6y| so PE =V = TfOL ( 1+ (@) — 1) dx;

2
% is small so by binomial series this is approximately fo (—Z) dx so the

total energy is F = K +V = 2”[0 (6t) + % (%) dx which since % =c?is
I 2 2
1y (%) + (%) dz.

2 2 2
We then find K = %M% ZOO nom ¢’ (AQ Sln2 nzct + B2 cog2 nzct nﬂ'ct — 2A,,B,, sin 2zt nmct (og nzct)

n=1 L2 L
[unchecked from now on| and V = 1pc?L 3> | "Lg (A2 cos? ”mt + BZsin® 22¢ 4 24, B, cos “Z< gin 27t
so E = ”4—L o2 n? (A2 4+ B2); note that this is indep of tlme as we Would

expect from the physics; also contrast this with Parseval’s T
Ag = 0 since the ends are fixed at 0; the period of oscillation will be that of
the fundamental n = 1 as all others divide it so it is 27” = 277rr—L = 2L

(& c
If we average over the period, we find (this is immediate from the expressions
2L 2L 2L
¢ [T¢ @2 nmct _ ¢ (¢ 2 nmnct _ 1 ¢ [T¢ oy nrmct nwct _
for K,V as 5% [, ¢ sin® 25dt = 5% [ ¢ cos® 25¢tdt = 5 and 5% [, © sin 25 cos 7L dt =

_ 3L — 2L
0) K =55 [,¢ Kdt =V = 5 [,¢ Vdt - we have an equipartition between KE
and PE.

3.2 Wave Reflection and Transmission

Consider a string w/ mass per unit length p— for x < 0 and p4 for z > 0, with

corresponding tentions 7_,74. ¢y = not generally the same for +, —. We

M:t ’
. . zw(tfci) . iw(tfci)
have three waves: the 1ncom1ng wave Ie -/, transmitted wave T'e +

and reflected wave Re" <t+ 7) where I,T, R are complex since in general not
only the amplitude but also the phase of the wave can change on transmis-

sion/reflection. We are generally interested in the real parts (I e <t_ci)>

etc (Notation: Ir = R (I) etc); we can wlog take the incident wave to have

zero phase so this specific wave is I cos (w (t — C%)), the reflected wave is

|R| cos (w (t + C%) + (bR) where ¢p is the phase, similarly for the transmitted

wave.
The BCs at z = 0 are that by resolving forces horizontally, since we are
assuming the deflections are small 7, = 7 = 7; the string does not break

21



so y (0—) = y (0+); conservation of energy gives pu_ |I|* = py |T|> + pu_ |R[%;
this gives us an idea of the “Impedance” or “Conductivity” of the problem. We
therefore [?] have I + R = T; wlog we take I = 1 and then 1+ R = T i.e.
1+ Rr =Tg,R;, =T;. We have R = |R|cos¢gr, R1 = |R|sin¢r and sim for
T.

Finally we resolve vertically; the vertical forces are balanced on each side
because the point x = 0 has no inertia; note this differs on the Exs where we

: 0 o 1 R T.
have a point mass at x = 0. So 75% |,=0, = T5% [s=0_, S0 == + == = —or
taking the cplx part we have % = —ﬁ which combined with the above gives

R; =T; = 0sosin¢gr = sin ¢ = 0; taking the real part and combining with the
above R = <%= T = 2% This is consistent with the energy BC; it 3 =
+

cy+tc— cytc—
T 2
as ’LLj: 7.Ci' . .o, . .
Consider the limiting cases; p4 = p— gives cx =c_,R=0,T =1 =1 and
we have clean transmission, while Z—f >>1givescy <<c_, R~—-1=—I and

T =~ 0; this gives us pure reflection just as when we have a fixed end; ¢ = ,
the reflection is 180 degrees out of phase. A very light string for x > 0, Z—f <<1
gives T =2=2I,R~1=1.

4 Heat Eqn

at Dgzg = 0 where D is the diffusion coeff; we need an initial cond 6 (z,0) =
¢ (z) and for infinite domains we take § — 0 as |z| — oo, for a finite domain
we generally have § = 0y at © =0, 8 = 01, at x = L but could have other conds
e.g. 61 given at x = 0, L.

On infinite domams FTs are very powerful we take the FT of the heat

eqn wrt = and obtain % = —Dt?0 so § = 0 (k,0)e —DF*t. g (k,0) = ¢ so we
use the convolution Thm; from exs we know f (z) = \/471r—De* #¢ has FT
. ) —(z—w)?

Fk) = e Pt s0 6 (x,t) = [ ﬁ%te( e >du; this is the GS for 6 (z,1)

provided 0 has an FT which will definitely be the case for § — 0 as |z| — oo.

ll$2

Next we consider some particularly instructive choices of ¢, namely e~ **" for

a > 0 a Gaussian initial cond and § (x), localised forcing as from a laser.
_ltdaDt, 2 2w _ z2

First the Gaussian initial pusle, ¢ (z) = fpe=9*". Then § = foooo 49;1) e( D7 4bt 4Tt)du =

1+44aDt (u 1+4aDt) du;

_1+44aDt (2 _ 22w 22 2
f"o 1Dt (“ TF4aDt T (1520D0)2 ) e~ THiaDt gy — —L2o 1+4aDt f

0o
V4r Dt VanD
substituting v = |/ 1£4eDt (u — T Dt) the integral becomes ffoo \/ 1f£tDt6_” dt

and 0 (z,t) = fpe~ THienr ——L_ [* e~V dv; the integral is /7 so this is
! \/7r(1+4aDt ’
Ope” THiaDe

ﬁ’ the Gaussian spreads out and “flattens” (its peak becomes lower) as

t increases.

Second we take ¢ = 6pd (x), then § =

w2 .
ffooo 0 (u) e e dy = %efﬁ;

[
VAar Dt
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at t = 0 we have the spike but at any time after this we have a Gaussian, at first
very tall and narrow, but again spreading out and flattening as ¢ increases. Note
that the information that the bar was heated is transmitted instantaneously; 6
becomes nonzero on the whole domain for ¢ > 0. Of course this is not true in
the real physical situation.

We note that ;5. appears to be a fundamental group. However, the charac-
teristics in the heat eqn are ¢t = 0; discontinuities at ¢ = 0 do not propagate to
t > 0, as shown by the example above, in contrast to the wave eqn.

4.2 Similarity soln in heat eqn

i i = _Z_ 0 —omo _ @ 0 _
Consider setting n N the heat eqn; ot oy i on
2
% 6677, aam = \/1— 6’977 SO % = 41%)1& 6772 and substituting into the heat eqn
_ndpy_ D 8% _ 19%. 66 _
we obtain — g 6779 151 o 0 so 77677 = 5o let X = 52, then —2nX = 77

$0 X = ce™ and 0 = @,ﬁfne’“ du = Cgﬁf%/[’_te u? du = czerf (2—\/D—t)
where erf (y) = % foz e du; notice that if 2 ~ t2 the solution doesn’t change

- this is characteristic of a diffusion process, and an example of a similarity vari-
able.

4.3 Finite domain heat eqn

Note the erf/similarity sol has no information from the BCs; it can be useful
as an early time approximation in finite domains e.g. on Exs have the infinite

domain prob 0 (z,0) = o H (z); we find 0 = 90 (1 +erf (QfD_t)) How can we
solve the finite domain problem 6 (z,0) = 90 on0<z<L O0on—-L<z<0
w/ Bes 0 (L,t) = 0,0 (—L,t) = 07 We have a steady state sol 0, = 0y (5E2);
it is easier to solve the problem for 0=0-— 05, which has homog BCs.

Assume 0 = X (2) T (t); define a new var Y = 2 + L which ranges from
0 to 2L, then 6 = Y (y) T (t) ; sep vars, T' = —DAT,Y" = —\Y for some
A WehaveY—Acosx/_y—i—Bsin\/_y, 0)=0=A=0,Y(2L) =0=

A= 4L2 ; then 7" = DILQT TsoT = e “ii? ; the GS is 0 = 6pStL +
by sin ZZEED) *ﬁ-theICforoisézo = 0 (H (x JE+L-W€
Z ’ 2L )
n2x2¢
find the b, are 0 for odd n and § = %ZEE) §~00 L (_1yn giy nrledl) o= 2E
n2 2
90($+L) + Zn 1 22 sin 27 L €_D 2 ; graphing we see the infinite sol is only a
L2

% ; once t ~ % the transient cpts are very small

compared to the steady state; % ~ 0 so D% =0 and @ is linear in x.

good approx when t <<
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Part IV
Calculus of Variations

4.1 Motivation

Say we have points A = (z1,y1), B = (z2,y2). The distance from A to B along

a path, a y(x) s.t. y(z1) = y1,y(x2) = ya, is S = ff ds = f;f /1+ y2dx
(s is an arclength paramater); we want to find the min of S over all possible
paths. S depends not on x but on y (), so S is a functional i.e. a function of a
function.

Examples

For a sphere, using spherical polars and taking » = 1 where a path is given by
¢ (0); now S = f:f 1+ ¢2sin® 0df as can be seen (as with all of these) by
considering infinitesimal elements. This is used for minimizing the distance a
plane flies - the minimal paths are [arcs of] great circles.

The brachistochrone problem - the travel time for a bead moving on a wire
from A to Bis T = fdt B % where v is speed; we use the fact that
PE+KE is constant assuming the bead is a point of mass m starting from rest
we have 1 mv +mgy = mgys1; this is an example of applying a constraint. Then

v = \/2g y1 — y);ds = y/1+ y'? as before. So we seek y (x) which minimizes

f 1+y dx note that unlike above the integrand here depends on

y(z) as Well as y ( )

4.2 Stationary points of a func

A smooth func f (Z) of several vars z1,...,z, has a local extremum at & =
if Vf |z=g= 0 (recall Vf is a vector). Using a Taylor expansion about Z =

2
we have f(#) = f(@) + (& = @) - Vf le=a +37 (@0 — i) (vj — a5) goe [+
(using the summation convention); the second term here is 0 so f (Z) — f (@)

o ooy

5 (i — a;) (x; — aj) %—i—. ..; specifically in the 2D case where @ = (a1, az2) , &

2 N2 42
(z,y) this is & 271) Uit . (x —a1) (y — az2) aiafy + %g—yé + ... (assum-

ing the function is well behaved so 86;6;1 = %); therefore the local be-
haviour of f (%) near @ is determined by the symmetric mat M;; = %aij’

called the Hessian matrix. Since it is symmetric we can diagonalize it w/
real evals A1,..., \,; wrt axes in which M is diagonal ¥ = (71, ... ,,%;)T, then
F(@) = f(@) =3 @ —a)*+ % (@ — @) + -+ 3 (@, — @)" [plus higher
order terms|; now the character of the stationary [turning in lectures but this is
wrong| point becomes clear:
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1. If all the A; are > 0, f (&) > f (&) in all directions away from @ so d is a
local minimum.

2. If all the \; are < 0 @ is similarly a local maximum

3. If some A; are < 0 and some > 0 @ is a saddle; f (Z) goes up from f (@) in
some directions and down in others

4. If some \; = 0 we have to consider higher order derivatives.
In 2D we have det M = A1 Ao, trM = A1 4+ A2 so these conditions become
1. Minimum: det M > 0,trM > 0
2. Maximum: det M > 0,trM < 0
3. Saddle: det M < 0

4. Need to consider higher derivs when det M = 0

Examples
fz,y) =22 4y? has Vf = (22,2y) =Oonly at 2 = y = 0; M = (3 (2)
has det M > 0,¢rM > 0 so this is a minimum.

g(z,y) =a2>—y*has Vf = (22,2y) =Oonlyat z = y = 0; M = < 3 92 >

has det M < 0 so this is a saddle.

Notes

Note that Vf = 0 only yields the local and not global maxima/minima; the
min/max of f in a given region may be at a turning point or on a boundary.

If f is a harmonic function i.e. a sol of Laplace’s eqn giﬁ + % = 0 then
trM = 0 so if det M # 0 then any turning point is a saddle; in a domain D the
max and min of and harmonic function f are always on the boundary.

If Vf 0 at the point (x,y) then f increases and decreases most rapidly in
the direction of Vf ; more generally as seen in Exs4 the rate of change of f in

the direction 71 is 7 - V f so largest when 7 || V f.

Examples
Find the stationary point of f (z,y) = 2®+y3—3zy; we have Vf = (3z% — 3y, 3y* — 3x)

bz —3 >; at 0 this is

which is 0 when y =z = 0ory =z = 1. M<_3 6y

-3 0
corresponding to +3, so f goes up in this direction; we call this the steepest

( 0 =3 with evals +3; (0,0) is a saddle; we can find the evecs are (1, —1)
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ascent, and (1,1) corresponding to —3 so f goes down in this direction; we say

6 -3 ) w/ evals 9,3 so this is

this is the steepest descent. At (1,1) M = ( 3 6

a minimum.

4.3 Stationary values subject to constraints

We are often interested in extremizing some f (Z) subject to the constraint that
some ¢ (&) = 0. For example, say we want to find the smallest circle centred
at (0,0) i.e. minimize f(z,y) = 2® 4+ y* subject to g (z,y) =y — (2> —1) =0
(since a point of the circle must lie on the parabola). We can solve this by direct

elimination; f = 22 + y? = 2% + (22 — 1)2 = 2% — 22 + 1, then % = 423 — 2z,

=0 when z = 0,:|:\/i5 and % = 1222 — 2 which is 4 at = = :I:\/i5 so these are
minima [while z = 0 is a maximum]|; at these y = —1 and f = 2 so the min

rad. is \/Tg However, this technique is difficult for harder problems and does

not generalize to higher dimensions.

Lagrange Multipliers

Define a new func F (z,y, A\) = f (z,y) + Ag (z, y); now extremize this over these
three variables; g—i = %qL)\% *Ova_y = g—£+)\g—§ :O,g—f =g =0. In our
example 2z — 2\z = 0,2y + A = 0,y — 22 + 1 = 0; eliminating X\ between the
first two eqns 22— 2z (—2y) =0sox =0ory = —%; ifr=0y=-1,ify = —%
T = i% (we can also find A but this is not necessary to solve the original
problem). When using LMs it is best not to look at the Hessian of F' in R3,
because a constrained maximum of f (x,y) is actually a saddle of F (x,y, \); we
just calculate that f is 1 at the first of these possibilities, % at the second so
T = i\% are the minima.

More generally, to extremize f (z1,...,z,) subject to the k constraints
g (x1,...,xn) == gk (x1,...,2,) = 0, introduce LMs Ay, ..., A\x and define
F(x1,...,Zn, A1, ) = f+XMg1 + -+ Angn (all applied to (z1,...,z,)).
No perform an unconstrained extremization of F' (wrt all variables) by g—i =

0vl <i < n, gfi = 0V1 < i < k, giving n + k eqns; eliminate the \; and then
solve for x1,...,x, (as before, the values of the \; are irrelevant to the sol of
the actual problem).

For example, say we are building a cuboidical garden shed against a fixed
straight vertical wall; we want to minimize the area of shed walls we have to
build (i.e. all faces other than the bottom (z = 0) and the one against the
wall (y = 0) subject to fixed volume; say the shed is  x y x z. Then we want
to minimize f(x,y,2) = xy + xz + 2yz subject to g (z,y,2) = 2yz —V = 0.
n=3k=1F(z,y,2, A =xy+zz+2yz+ X(zyz —V); %—5 =0=y+2z+
)\yz,%—g :0:x+2z+)\xz,%—f :0:x+2y+)\xy,g—§ =0 = ayz — V; the
second and thifd of these equs give (z —y) (2+ Ax) = 0so \x = —2 or z = y,
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but A\x = =2 = z + 2z — 22 = 0 = z = 0 which gives a contradiction since
V>0;z:y¢2y+/\y2:0;y7é0so/\y:72 . 2y = x; then 2y = V so

2
y=z=35,x= 2{/T and the minimum surface area is f =6 ( )

4.4 Euler-Lagrange Eqns

This is a simple case but We can understand everything important from it:
extremise the functional s ( f "2 f(z,y,y') dr where y () is a dependent
variable, x being the 1ndependent variable. We want to know how s depends
on our choice of path from z; to xo; consider a specific path y (x) and perturb
away from it by a small abount y (z) — y () + en (z), with n (z1) =n (z2) =0
since the endpoints are fixed. Then s(y +en) = f;f flz,y+eny + en’) dx;

taking a Taylor expansion this is [ f (z,y,y") dz+e [[7 5] 9 |y N+ 2L 6y |z,y,97

n'dx + O (62). In order for the path to extremize s (y) we require the “first

variation” ds of s to be O i.e. s (y + en)+s(y)+0O (62); this is analogous to finding

the stationary points of an ordinary univariate f by f(z+¢) = f(x)+ O (62).

So we require fxz g—i le.y,y 1+ g_yf/ le,y,y» 7 dx = 0; integrating by parts this =
T2

fff gi ndx + [ } o 512 4 (68_35') ndz and the middle term is 0 since n = 0 at

the endpoints. So, since this must be the case V7, we require (this is a necessary

condition for y to extremize s, and as we may see later not a sufficient one) that
the E-L eqns are satisfied: i ( g J,) — g]yc = 0. Note the distinction between
partial and total derivatives; % is taken holding z,y’ constant and treating
z,y,y" as IV, wheras % is a full  derivative, remembering that y = y ().

Example

0 P af
fleyy) =z y?—y?); § = 22y, 5 6y = 2xy/, 6£ =y? —y% but L is by
the chain rule % gi + 9L dy 4oL dy _0f 4 g]ycy’ + 6y,y ; in this specific case

Oy dx oy’ dx 61
this is y'2 — y? — 2zyy’ + 2zy'y”
There are two very important simplified cases; if y is absent from f i.e. f

only depends dlrectly on x y then ﬂ = 0 and the eqn becomes d% (g—g,) =0

=c constant.

For the second case consider i ( f—v gf,); using the chain rule this is

d d
o+ a{;y’+ 5y Y *y//ayf ' (
and this becomes %. So if f does not depend on z explicitly (so % =0)

(f — ’af) = 0, or integrating f —y'5 af = ¢ constant.

Now we return to the motivating examples to solve them:

of
) by the E-L eqn this last term is fy’a
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4.5 Examples of use of E-L Eqns

4.5.1 Shortest distance between 2 points on a plane

1
5 = fm (1+9y?)?da; f(2,y,2) = \/1+y? there is no direct y dependence
so 2 — o= 2 =42 =c2 (1 + y’2) (02 — 1) y'? = 2 [surely —c?| so

oy oiiee

y' = k constant ( fil) soy = kx+d, w/ k,d determined by the endpoints:

y=y1 = Z=2 (z — 21); this is the eqn of a straight line.

4.5.2 Shortest distance between 2 pts on a sphere

As above, S = [,>\/1+sin?0¢/2d0; f (0, $,¢') has no direct ¢ dependence so

sin? 9¢> 2
by = k= Jitsin? 07 0 ¢ = sm20<sm267k2>
t the reader may verify this gives iivk—k? cos (¢ — ¢1) = cot 6, the eqn of a
geodesic or great circle.

; using the substitution cot 6 =

4.5.3 Brachistochrone

As above T = fm v 1+y dx (taking the start point to be (0,0); /=y is
OK since the bead can never rise above 0) i.e. f(z,y,y) = ”\;Ji’ there
is no explicit = dependence here so f — ¢’ g ; = % (a general constant), i

1 _ \/ 1+y’2 oy 2y’ _ P — Ty _
Y R (2\/1+y,2) \/*y(ler’Z) (1+y?—y?) so/—y(1+y?)

k, —y (1+y/2) = k?* so [% in lectures] Z \/771 — i\/T—y 0

y
r ==+ mizdy.  Substitute y = —k?sin? ¢ = %(005971) so dy =

2
2 9 9 _ ksing 2 0 i 0 _ k_2 . _
—k? cos § sin £d6 andx—$f7k - sm”k cos §sin §dfl = 7% [ 1 — cos0df =

1%2 (0 —sinf) + c. When 2z =0,y =0 =60 =0 = ¢ =0. We are interested
in +ve x for —ve y so we take the + sign; x = %2 (6 —sinf) ,y = —k?sin® 9 =
%2 (cosf — 1). These are the equs fro a cycloid, the curve traced out by a pomt

on [the circumference of] a wheel of radius % as it rolls along the z axis (from
below). The minimum occurs when 6 = 7; at § = 6y yo = 7%2 sin? g; for
0> > m the min transit time route passes through a point below ys, which is a
counterintuitive result.

When 6 = 27 y5 = 0 = y;; see ExsdQ4 [??]. The constant k? can be

determined from y = 0 when z = 0 and y = y2 when = = z5.
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4.5.4 Minimum surface area

Consider circular wires in the planes x = +L w/ respective radii a, b centred on
the x axis. We look for the axisymmetric surface joining them with min. surface
area [and this will be the surface of a soap film between them|. So we want to

minimize A = f_LL 2myds = f_LL 2my+/1 + y'2dx; f(:c y,y') = 2my/1+ 4%
there is no direct = dependence so f — 3/ gg =c=y/1+y? - \;Qy—yz
y(1+y/27y/2)

- s == 1 y e / _ ﬁ _ _

SO 1+y/2 = k ie. s = k. Soy = i\/i meaning r =

if dy; using y = kcosh@ we have dy = ksinh0df, >z = +k0 — c, % =
’/k_z—

cosh IJFC; ¢, k are determined by the BCs. If a = b we have ¢ = 0 by symmetry

so ¢ = cosh %; we must solve this implicitly to find k. Put z = % and then we

must solve % = cosh z; graphing both sides we see there is no sol for % small.

This makes sense from the physics - no bubble can form between small rings far
apart. For a critical value, there is one sol, a min, and for larger values there

are two sols, 1 min and 1 saddle. The critical case has cosh z and ** tangent at

2_2 2
some z, SO cosh Ze = %% sinh zc =% andsol= cosh? z.—sinh? z, = 2efe — 25
SO 2, = 2 > +1 and sinh W o S +1= 4¢; numerically we find 4= ~ 1.5089 so

the rings must be quite close relatlve to their size for a bubble to form.

4.6 Two examples from Physics

4.6.1 Fermat’s Principle

Light travels along the path between two points which requires the least time;
work in 2D and say light (or sound) travels along the path or ray y = y ()

with speed ¢ (z,y). The time of travel is T = f“ Ligs = ;12 cHy dr. If c
is a func of z alone then f (x,y,y') = ¥ C(Z? with no direct y dependence so

oy _ 1.y ; .
oy = k= i Consider the angle made by a ray launched from z1, y;; the

angle 6 of the direction of the ray above the horizontal always has tanf = v/,
sin @ . .

so k = <l je. sinf — sinba at any two points - this is Snell’s law.
1+ sm C1 Cc2

4.6.2 Dynamics using Hamilton’s Principle

We define the Lagrangian by L = T —V (yes, —) where T is the KE of a system,
and V the PE. Action is defined by f Ldt. Hamilton’s principle is that motion is
such as to minimize the action. In general L = L (¢, y, ¢) so the E-L eqns become

% (%) — a_y = 0. Consider a particle in 1D: T = —my V = V(y), then
4 (my)+V’ (y) somij = =V just as in Newton’s second law. More generally if

V =V (y),T =T (y,y) with no explicit time dependence (which is intuitively
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true for the physical situation) we have L — y'% =cie. T -V — y'g—T =c
so if T' is quadratic in ¢, as for velocity e.g. T = 1m (y)¢? then yaT = 2T so
T-V -2T =cie. T+ YV =c¢, which is of course conservatlon of energy.

4.7 Extensions of the E-L Eqns

4.7.1 Higher derivatives

To extremize I (y f f (z vy, ..., y(”)) dx we proceed as above; introduce
a pertubation y — y + en with 7 (z),7 (z),...,n" "V (z) = 0 at x = a,b.
Integrating by parts repeatedly on the perturbed form of I (y) we obtain the
necessary condition g—]yc — d% ( ) + d‘{; (aif,,) — e (=) dd:n (6§<fn>) = 0;
see ExsQ8 for more on this subJect.

4.7.2 Several DVs

To extremize I (§ f Fx,y1,y2, - Yn, Yl - - - Uh) do (where the y; are all
functions of x) we of corse perturb by yi — yi +enVl < i < nw/n(a) =

0 = n; (0)Vis I(F+ed) — (@) = e[, X0y 2L + i o nide + O () =

ef Sram (6% — % (6872)) dx; the n; are not linearly dependent so to ex-

tremise fully we must have g—; — d% (g;) = 0vi. If % = 0 it is possi-

ble to show that Y " | v g J — f = some constant ¢, a single condition, since

E (f —> Y gyf() = 0 by the same argument as before.

An example of this is light in an inhomogenous medium in 3D; the speed of
light is ¢ (x, y, z) along a path given by y () , z (z); we want to minimize the time

oftravelT:f%ds:fivH_y/z-'rzl2 = [ f(z,y,2,9,2") da; _,i<6‘f):

c(x,y,2) » 9y dx \ 9y’
0,2 _ 4 a—f, = 0, but if ¢ is a function of y, z alone then 2L = 0 so this
' Oz dz \ zy ’ ’ ox
1 / !’
—y2y
1 Of 19y _ dc ). 2V/1+y2422 22 B
oy’ +z o0z’ f k (By 0z T 0)’ c + c\/1+y’2+z/2
1 2 12 _ _ .
VIRVERER oo ko= eyl e L if we let 6§ be

c c\/1+y’2+z’2 . [11y2+22"

the angle of the light ray away from the = axis we have sinf = L

[14y2+22’ 50
again this is Snell’s law.

Another example is the motion of a particle is 2D under a central force; we
haveDVsr() 0(t)and L =T—V = tmi?+1mr20% - V(r)-a—L—i(a—L.):();

> 00 dt \ 96
80 = 0 so this = gs = c constant i.e. mr29 = ¢ ; this is conservation of angular
momentum 7 X ; also a—f — i (‘g—f) = 0 so mit = mr6% — V’; this is Newton’s
law of motion. % =0 so TBL + HBL — L = ¢ constant; this gives conservation

of energy $m7? + Imr2¢? +V( ) =
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4.7.3 Several I'Vs

To extremize J(¢) = [, [ (x,y,2, ¢, ¢20y, d-) drdydz by variations of ¢ we
introduce a pertubatlon ¢ — d+en(z,y,z)w/n=00n0D; J(p+en)—J(¢) =
€fp ng—é—i—%m—i— . ny+%nzdxdyd2' we define Vn = (1x, Ny, M=) as usual, and

of _ (of of of of .
e = (a%, Doy W) then this is € fD Urrias 8(V¢) - Vndxdydz which by the

prod rule is € [ 778—¢ +ef,V- (WU) drdydz — € [ ( V¢)) ndxdydz =
€fp ng—f;d:cdydz +€ [op n% -dS—e [p (V . 6(‘9?@) ndxdydz; the second term

is 0 since 7 = 0 on 9D so this is € [, n%dmdydz —€efp (V . %) ndrdydz;

i of _ of _
this must be the case Vn so 5% V. (6(v¢>)) =0.

Example

Soap film in 3D; say the surface has deﬂection 10) (Jc ) SO energy is ff 5 |V(]§|2 dzdy;
H o5 =0, % -
V¢ so the condition gives VZ¢ = 0 (Note: it is very important to remember
that a sol of the EL eqns is not necessarily an extremum; satisfying them is
a necessary but not sufficient condition. The simplest example of this is that
when minimizing the distance between two points IV, L on a sphere both arcs of
the [great?] circle through them are sols of the EL eqns even though the longer

one is not an extremuim.

we want to minimise this energy so f = 3 |V¢| in the above;

4.8 Integral constraints

A typical problem of this sort is to extremize I [y f f(z,y,vy") dx subject

to a constraint f G (z,y,y') de = k constant. We use a Lagrange multiplier as
before; extremize J [y f fdx + X (f Gdx — ) k is a constant so plays no

role in the variations so we can simply extremize fa f+AGdx. The EL eqns are
% (6?/ (f+ )\G)) - a% (f + AG) = 0; an example problem is the static chain
(by which we mean massive string) hanging under gravity, w/ mass per unit
length p; say hanging between (—a,0) and (a,y2). We want to minimize the PE
[°, ngy /14 y2de = [, fdz subject to fixed length 2L = [ /14 y2dx =
ffa Gdz; 1, g, L are constants. 6% (f+XG)=0s0 f+AG—y 6?/ (f+2G) =k

2
constant; we find 3y’ = + (”g%—"’”\) —1. .y = —cosh (ng*EL) — ﬁc with
¢, k, A determined using the endpoint condition, e.g. if yo = 0 then ¢ = 0 by
symmetry. When z = +a y = 0 so A = kcosh &%, Finally we apply the

constraint: [ \/1+ ydz = 2L so % sinh 4% = L. Provided L > a we can
find one realistic sol; it is called the catenary.
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Example

Motion of a pendulum: say we have a pendulum of mass m constained by a
(massless inextensible) wire of length [ to swing in an arc; use 2D polars with
0 taken to be the [signed] angle away from equilibrium, then the constraint is

r—I[ =0. The Lagrangian L =T -V = %m(?’“Q + r292) +mgr cos 6 (defining the
PE V =0 when 0 = 7); here G = r. Conlider L + A (G — 1) or indeed L + AG;

4 (OLy oL — )\ 4 (%) — 9L = 0 [check lots] so & (ms) —mr6? —mgcos ) =

A, % (mr29) + mgrsin@ = 0. Applying the constraint » = [ we have 7 = 0
so mlf% + mgcos® = —\. This is the statement of the balance of the forces;
AG is the term applying the constraint » = [ which physically represents the
tension in the wire, which is what balances forces so the wire doesn’t stretch.
We then have mi26 + mglsin® = 0 which is the general form(not merely an
approximation for small angles) of the equ of motion for a pendulum, e.g. for
0 <<lsinf~0sobr~ —920 and we have SHM.

Of course, as with much of this course we could have solved this particular
problem much more easily directly. However, the power of this method is that
it applies in general, including to situations where ever writing down the forces
to resolve in order to solve the problem would be almost impossible.
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